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ABSTRACT
Cell adhesion mediated by bonds between receptors in the cell membrane and ligands on a sol id support 
is referred to as specific cell adhesion. This work focused on the application of specific cell adhesion 
in control of mixed culture fermentations and on the development of solution methods of mathematical 
models for cell adhesion.
Through various experimental techniques, a model two-strain mixed culture system was obtained. This 
system was used to explore the possibility of mixed culture control through selective adhesion of a 
particular subpopulations. It was found that through a proper reactor design and operating procedure, 
the coexistence of the mixed cultures was found to be possible.
Specific cell adhesion can be described by an adhesion slate model The mathematical expression for 
the model are composed or a large number of coupled ordinary linear differential equations. Using 
numerical integration to solve the coupled ODE's requires tremendous computational time and is not 
practically feasible. Thus, the solution methods that can reduce the computational time are desirable so 
that the adhesion state model can be evaluated and utilized for cell adhesion studies. In this work, new 
solution methods were developed that significantly reduced the computational time. The model 
predictions suggest that the adhesion state model is adequate in describing cell adhesion.
CH A PTER I 
INTRODUCTION
Specific celt adhesion is a receptor-mediated interaction between the surface receptors on the cel) 
membrane and their unique complementary ligands. When cells are in contact with ligands, soluble or 
immobilized, their membrane receptors will move to the vicinity of ligands and form ligand-receptor 
interactions. The interactions are specific because they occur only when the ligand and receptor are 
geometrically compatible so that the corresponding molecules of ligand or receptor are in the positions 
for various forces, such as van der Waals, electrostatic and hydrophobic forces, to form the bond. The 
term ligand-receptor bond is usually used to describe the interaction. When the ligands are immobilized 
on a surface, cells will then adhere to the surface through the ligand-receptor bonds, depending on the 
numbers of receptors and ligands in the contact area, the affinity between the ligand and receptor, and 
other parameters. This is specific cell adhesion and plays a significant effect in many physiological 
phenomena, such as the recognition between lymphocyte cells and the cells with the complementary 
antigens. In the application aspect, specific cell adhesion is also employed in many biotechnological 
processes. One typical example is cell affinity chromatography (CAC), which is widely used for cell 
separation based on the different cel I surface properties. This work centered on the study of specific cell 
adhesion and investigated two aspects on the subject. On the theoretical level, an effort was made to 
elucidate the kinetic of specific cell adhesion by the development of mathematical methods for a cell 
adhesion model. On the application aspect, the use of specific cell adhesion in bioprocesses was 
exemplified by its application in microbial mixed culture fermentations.
Fermentations using mixed cultures have the advantage of being capable of utilizing more complex 
substrates to obtain more complex products as compared to systems using pure cultures. However, it is 
usually difficult or even impossible to maintain a stable mixed culture system over an extended period 
of time. The reason is that when mixed cultures are in a system, the cultures will likely to compete for 
the same substrate. With different cultures unlikely to have an identical growth rate, the fastest-growing 
strain in the system will eventually becomes the dominant population, and the system then ends up with 
a single culture. Thus, unless a method is developed to control and maintain mixed cultures, mixed 
culture systems can not be utilized in the industry. A promising method to control mixed cultures is
1
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through specific cell adhesion. This method has been shown to be possible through a theoretical study 
[Roos and Hjanso, 1989], and an experimental illustration can further lead to the utilization of mixed 
cultures in the industrial fermentations.
With the importance of specific cell adhesion in nature and in many bioprocess applications, the 
elucidation of the kinetics of adhesion can have a considerable impact on physiological understanding 
and biotechnological use of cell adhesion. This can be achieved by the development of a cell adhesion 
model, which not only can serve as a tool to systematically investigate the effects of various parameters 
and elucidate the kinetics, but also be utilized in the engineering design, optimization, scale up, and the 
proper operation of processes that utilize specific cell adhesion.
This work used two Escherichia coli strains with different expressions of the maltoponn to investigate 
a fermentation system with specific cell adhesion. The maltoponn is part of the transport system of 
maltodextrins and starch polysaccharides into the cell and is located on the outer cell membrane. The 
maltoponn displays a high affinity to starch, and, as the lamB gene product, its expression can be 
manipulated by genetic engineering techniques. Thus, cells with the maltoponn expression will show 
adhesion ability to immobilized starch supports, while cells with maltoporin deficiency may show little 
or no affinity to such supports. The two strains used in this work had two extreme levels of the maltoponn 
expression through different expressions of lamB gene. One strain constitutive! y expressing a high level 
of the maltoporin, and the other did not express a functional maltoporin at all. These two strains, with 
their different affinities for starch-modified supports, were used as a model system for control of mixed 
cultures via specific cell adhesion. With proper design of the fermentation system, a stable coexistence 
of mixed culture was found to be possible.
Mathematical methods were developed to solve a cell adhesion model proposed by Roos [1989). In 
this adhesion model, a discrete set of coupled ordinary differential equations was used to describe the 
ligand-receptor bond distribution between the adhered cells and ligands, soluble or immobilized. The 
computational effort needed to solve such equations is tremendous if Runge-Kutta algorithm is used. In 
this work, solution methods were developed for the adhesion state model which gave a significant 
reduction of computational time. With the computational time reduction, the application of the model 
to cell adhesion study is then possible.
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The following chapters are the results of the investigation on the application of specific cell adhesion 
in mixed culture fermentations and the development of mathematical methods to solve the adhesion state 
model. The individual chapters are written in a self-contained manner so that they may be read in any 
order. In Chapter 2, Materials and Methods, a detailed description of the materials and the experimental 
methods used in this work is included. While in other chapters, only the necessary related information 
is described.
Chapter 3 presents the development of a continuous mixed culture fermentation system with specific 
cell adhesion control. In the course of the development, the strains were selected based on their surface 
maltoporin expressions and their relative growth rates. Through a proper selection of the carbon source 
and an application of UV mutation technique, a binary culture system was obtained, in which only the 
slower growing strain was capable of specific cell adhesion. Various designs of fermentation systems 
with specific cell adhesion were investigated and the results are reported.
The development of the mathematical methods to the adhesion state model is described in Chapters 4 
and 5. In Chapter 4, focus is put on the specific cell adhesion phenomena in the presence of immobilized 
ligands only. Analytical solutions are obtained for some cell attachment cases. With the introduction 
of the cell flux concept and the use of the finite element method, an approximation solution is obtained 
for the cell detachment cases under some simplifying assumptions. The model predictions based on the 
solution from the mathematical development are reported and are compared to the pertinent experimental 
observations cited in the literature. The adhesion state model is also compared to two other models 
described in the literature. The results from the comparison indicate a better prediction made by the 
adhesion state model than the other two models.
A more complex case of specific cell adhesion is considered in Chapter 5. In this chapter, the adhesion 
state model is extended to cover the situation when both immobilized and soluble ligands arc present 
for cell adhesion. Again, the ceil flux concept and the finite element method are used to solve the adhesion 
state model. Through this mathematical development, the applicability of the adhesion state model is 
improved and the computational time is significantly reduced. Selective cell release is also investigated 
by the developed mathematical method, and the model predictions are reported.
4
The last chapter, Miscellaneous Results, contains the investigation on the dynamics or several binary 
cultures. The feasibility and limitations of these culture systems to the fermentation system with specific 
cell adhesion are discussed.
CHAPTER 2 
M ATERIALS AND METHODS
2.1 Introduction
This chapter is a summary of the materials and methods employed in this work. The background 
of the strain selection is described along with the genotypes of the strains used in this work The 
various experimental methods employed in this work are also included.
2.2 O rganism s
The selection of microbial strains in this project was based on the expression of the lamB gene of 
Escherichia coli. This gene is part of the maltose regulon which codes for the enzymes and proteins 
that regulate the transport of maltose and maltodextrins across the cell membranes. These structural 
genes in the regulon are located i n two different regions of the genome and are ex pressed coordinately 
by three sections of consecutive genes, called operons. The three operons, as shown in Figure 2 -1, 
are: l tmalPO located in the malA region, coding for the two specific enzymes amylomallase and 
maltodexirin phosphorylase required for the metabolism of maltose and maltodextrins; 2tmalEFCi 
operon, located in the malB region, producing the proteins for the transport of maltose and 
maltodextrins across the periplasm and the cytoplasmic membrane.; and 11 malK lamB. also located 
in the malB region. The gene product of malK takes part in the transport of maltose and maltodextrins 
across the cytoplasmic membrane, while that of lamB. a maltoporin as well as phage A. receptor, is 
responsible for the transport of maltose and maltodextrins across the cell outer membrane. The 
transcription of these three operons is induced by maltose, and is mediated by an activator, the product 
of the positive regulator gene malT. located in the malA region. ThematT protein exists in two types 
of conformation at equilibrium with the active form (Ta) stimulating the expression of the mal 
operons. A presence of maltose or maltodextrins in the cell surrounding will displace the equilibrium 
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transport system for maltose and maltodextrins
Figure 2-1. The Structure Genes in the Maltose Regulon [Schwartz, 1987}
The lamB gene product, a maltoporin, has been found to display a high specificity to maltodextrins 
and starch polysaccharides [Ferenci £ laL  1980]. Bv manipulating the expression of the lamB gene. 
£* coli cells will show different affinities to starch [Heine & gL- 1988). An coli cell population 
with the lamB gene altered or deleted does not produce a functional maltoporin, and will show no 
or little affinity to starch [HeineclaL 1987). This type of cell population is called lamB strain. On 
the other hand, cell population will be lamB* if the expression of maltoporin is induced by maltose 
or maltodextrins, or there is a constitutive mutation in its malT gene, the positive regulator gene of 
the maltose regulon [Ddbarbouilld £1 g[„ 1978]. When the positive regulator is mutated, the cell 
population will have most of the malT protein in the active form and then constituiively express 
maltoporin at its membrane. This constitutive!y maltoporin expression then translates into a high 
affinity to maltodextrins and starch polysaccharides. Several different strains of Escherichia goli 
were used in this work, and are listed in Table 2-1 with their genotypes and origins. The genotype 
abbreviations and their affected functions are listed in Table 2-2.
Among the strains used, MCR106. pop1080 and ECG18 were lamB . and pop3132 and pop6432 
were constituiively expressing maltoporin due to a malT deletion. These lamB* strains consistently 
exhibited high affinities to starch-Sepharose or starch-Bio get when grown on maltose, glucose or 
glycerol, especially from a continuous culture. On the other hand, the lamB expressed little, if any.
7
affinity to these adhesion supports. The strain ATCC 23716 was a wild type strain with an inducible 
maltoporin expression by maltose. A subpopulation with a high expression of induced affinity to 
starch-Sepharose was isolated by Roos [1989b] and was used in this work. Through the selection, 
more than 90% of the cells were found to adhere to the adhesion support when grown in batch using 
maltose as carbon source. This cell population was used to check the adhesion efficiency of 
starch-Sepharose or starch-Bio gel.
Table 2-1. Strains of Escherichia coli
E, coli strain Genotype Origin Reference
MC4100 F araD139. A(argF-laclU169. 
rpsLISO. relAl. flhB5301. 
ptsF23. deoCl. thi-l.rbsR




MCR 106 MC4100 with AJam3106 Dr. Silhavy
pop3132 MC4100 with marr‘IKJi Dr. Silhavy
ATCC 23716 K12 wild type American Type 
Culture Collection
pop1080 Hfr metA. troE. AlamB102 Dr, Ferenci, Dept, of 
Microbiol., Univ. 
Sydney, Australia




F .maTT'. malE. araO msl.
hsdR20. recA13. ara!4. 
ptoA2. lacY 1, palKl. rpsL20. 
xv!5, j£u 1, sudE44
Dr. Ferenci
ECG18 HB101 with AlamB Dr. Eric Achberger, 
Dept, of Microbiol., 
LSU
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Table 2-2. Genotype of £ , coli and Related Function
Genotype Trait Affected [Bachmann 1984) Related Function
araD L-ribulosephosphate 4-epimerase arabinose
argF ornithine carbamoyl transferase arginine
dcoCT deoxyribose-phosphale aldolase deoxyribose
flhfi flagellar synthesis flagelum biosynthesis
galK galactokinasc galactose
hsdR endonuclease R host specificity
lac A galactosidc acetyltransferase lactose
lacY galactosidc permease lactose
lamB malB: phage lambda receptor protein lamB ponn, maltose transport
leuB p- isopropyImalatc dehydrogenase leucine
malE malB: pen plasm ic maltose-binding protein maltose transport
malT malA: positive regulatory gene for mal lamB expression 
regulon
mctA homoserine transsuccinylase methionine
proA Y-glutamyl phosphate reductase proline
ptsF fruloscphosphaotransfcrase enzyme II phosphotransferase system
rbsP D-ribose permease ribose
recA ATPGTP 3’-pyrophosphotransferase regulation of RNA synthesis
rpsL 30S ribosomal subunit protein S 12 streptomycin resistance
supE suppressor of amber (UAG) mutations suppressor
Hal thiamine monophosphate kinase thiamine
UpE anthranilate synthase tryptophan
iylA D-xylose isomerase xylose
9
23 M edia
The media used to grow the £ , coli strains are listed in Table 2-3.
Table 2-3. Media Com position
Media Composition Reference
L agar tryptone, 10 g/1; yeast extract, 5 g/1; sodium chloride, 5 g/1; 
Difco agar, 15 g/1.
Spangler a  aL. 1985
EMB agar supplied by Difco: peptone, 10 g/1; lactose, 5/1; sucrose, 5 
g/1; dipotassium phosphate, 2 g/1; eosinT, 0.4 g/1; methylene 
blue, 0.065 g/1; Difco agar, 13.5 g/1
L broth tryptone, 10 g/1; yeast extract, 5 g/1; sodium chloride, 5 g/1.
M63 potassium phosphate monobasic, 13.6 g/1; ammonium 
sulfate. 2.0 g/1; ferrous sulfate septahydrate, 5.0 mg/1. 
Adjusted to pH 7.0 with sodium hydroxide. For cell 
culturing, added in filter-sterilized 1 ml/1 magnesium sulfate 
septahydrate, 1M; 20 mg/1 amino acids; and carbon source 
after autoclaving. For growth of MCR 106 and pop3132, 
M63 was supplemented with thiamine and arginine. For 




The lamB-*- strains were identified using a neomycin resistance marker. This was done by infecting 
the desired strains with a lambda phage carrying Tn5 transposon containing neomycin 
phosphotransferase gene 1 Beck&aL, 1982]. The plasmid insertion method was usedby Roos [1989a] 
to obtain neomycin-resistant strains of ATCC 23716 and pop3132, and was used in this work to 
insert the marker into pop6432. An overnight parental culture of pop6432, grown at 37 °C on L 
broth, supplemented with 0.1 mg/ml maltose, was used for the Tn5 insertion. To 2 ml of this culture, 
10 pi of magnesium sulfate. 2 M, and 200 pV of X lysate (provided by Dr. Achberger, Dept, of 
Microbiol., LSLT) were added. The mixture was mildly shaken for mixing and allowed to stand at 
37 °C for 10 minutes. Afterward, the mixture was incubated at 37 °C for 1 hour in a rotating shaker. 
Samples of the culture, 50, 100, and 200pi, were spread on L agar containing 100 \iglml neomycin 
and incubated overnight at 37 °C. The colonies that expressed neomycin resistance were collected 
and cultivated for future use.
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2.5 Estim ation of Cell Population
Two methods were employed to estimate the biomass of cell populations. One method was to 
measure the optical density at 650 T)m by a spectrophotometer (6-550 UV/VIS, Sargent Welch). The 
biomass was also estimated by a Klett-Sommerson colorimeter with a blue filter. The latter method 
used a side arm culture flask from which the biomass was estimated in KJett units. The sterilization 
of the cell culture could be maintained as the biomass was measured. This was useful for inoculum 
preparation.
The differential plate count technique was employed to estimate the cell populations from a mixed 
culture. The cel! culture for sampling was diluted to give a final count between 30 to 300 per plate. 
A 50 pi of cell dilution was spread on the plate which was incubated at 37 °C for overnight before 
the colony number was counted manually or by an automatic colony counter (Autocount, Artek). 
The total cell number for the mixed culture was estimated from the plates with L-agar, while that of 
the adhering strains, inserted with the neomycin resistance marker, was estimated from the plates 
with L-agar containing 50 pg/ml neomycin. The fraction of adhering strain in a mixed culture was 
estimated by [Holman. 1966]
where the population estimates for the adhering strain and the total population arc a, ± Oj and bt ± blt 
respectively,
2.6 UV M utation
UV mutagenesis was employed to obtain slower growing strains from pop3132A. Two methods 
were applied. The first one was to irradiate cells suspended in liquid, as described by Carlton and 
Brown [ 1981). The strain pop3!32A was grown in 50 ml of L broth at 37 °C until a cell density of 
about 2xl0*/ml was reached. The growth was then stopped by chilling the culture on ice for a few 
minutes. The culture was divided into 5-mI portions and centrifuged for 5 minutes at 5,000 to 6,000 
x g to pellet the cells. The pellets were re-suspended in 0.5 volume of sterile distilled deionized 
water (DDI) containing 0.1 M MgSO*. As an umrradiated reference, one of the samples was diluted 
to lO* and 107 and plated on neomycin-containing L agar plates. The remaining samples were
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transferred to sterile glass petri dishes for UV irradiation. A short-wave (253.7 nm) UV lamp 
(Audubon Sugar Institute) was employed and was pre- warmed for 15 minutes before each experiment 
The cell samples were placed under the lamp with the petri dish cover removed and were exposed 
to UV light for up to 2.5 minutes. During the irradiation, the petri dishes were slightly tilted for 
uniform exposure. The irradiated cell samples were then diluted several orders of magnitudes and 
plated on neomycin-containing L agar plates. All these procedures were run under dim light to 
prevent photoreactivation. Small colonies from the plates with 1 % survival rate were collected and 
cultivated for future use.
A modified UV mutation method was also used. The parental cells, grown in L broth at 37 °C, 
were harvested at the cell density of about 2x IO*/mt. The cell culture was diluted several orders of 
magnitudes before 50 pf of the diluted culture was spread on neomycin-containing L agar plates. 
These plates were irradiated under the UV lamp with the cover removed and, afterwards, were 
incubated overnight at 37 °C. All these procedures were also done under dim light. The small 
colonies from the plates with 1 % survival rate were collected and cultivated for future use.
2.7 Support Preparation
Crosslinked amylose was prepared following the method described by Ferenci and Klotz [1978], 
who used crosslinked amylose to isolate a maltose binding protein. Potato starch (Sigma), 5 g, was 
suspended in 20 ml distilled deionized water (DDI) and warmed to 50 °C in a water bath. With rapid 
stirring, this solution was added 60 ml of NaOH, 5 N and 15 ml of cpichlorohydrin. The suspension 
was allowed to stand at room temperature for 45 minutes to solidify into a gel. A blender was used 
to break the gel into fragments which were transferred to a graduate cylinder to screen out the very 
fine fragments. This was done by washing the gel 3 times with 100 ml buffer containing 50 mM 
glycine-HCI, 0.5 MNaCl, pH 2.0, and allowing the gel to settle after each wash to separate fines 
remaining in the supernatant. The remaining gel fragments were stored in 10 mM Tris-HCI (pH 7.2) 
containing 0.02% sodium azide.
Stareh-Sepharose and starch-Bio gel were also used in this work. The oxirane activation procedure 
of starch immobilization on Sepharose 6B (Pharmacia) was reported by Sundberg and Porath [1974], 
and was used by Ferenci and Lee [1982] and Roos [ 1989a) to prepare starch-Sepharose to isolate L, 
coli mutants with altered adhesion properties. An identical procedure was also applied to immobilize
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starch onto Bio gel A-5m (Bio-Rad). Both Sepharose and Bio gel are agarose beads but are of 
different sizes. Sepharose beads [ISO pm] are smaller than Bio gel [350 pm] and have more surface 
arep per volume, but will entrap more cells when used Tor cell chromatography. The mechanism for 
starch immobilization on both supports is shown in Figure 2-2. The first step was to activate the 
agarose beads by the following procedure: agarose beads, dried by suction on a fritted glass filter 
(Millipore)and washed with DDI, were reacted with 1,4-butanedioldiglycidyl ether (Aldrian), Iml/g 
and0.6M sodium hydroxide containing 2 mg/mi sodium borohydhde (Aldrian), 1 ml/ml. The reaction 
was carried out under vigorous agitation at 25 °C for 8 hours and was terminated by washing with 
20 volumes of DDI. Oxirane-agarose beads were then obtained.
The activated oxirane-agarose beads were washed with 20 volumes of 0.1 M sodium hydroxide 
and were suction dried before being coupled to starch. The coupling was done by reacting 
oxirane-agarose beads with 2.5 volumes of 0.1 M sodium hydroxide containing 20 mg/ml potato 
starch (Sigma) in a rotating shaker at 45 °C for 20 hours. The reaction was terminated by washing 
the gel with 0.1 M sodium hydroxide, and the uncoupled oxirane ends were deactivated by 2.5 
volumes o f l  M ethanolamine in a rotating shaker at 45 °C for 4 to 6 hours. The gel was then washed 
on a fritted glass filler sequentially with 10 volumes of DDI, 0.1 M sodium acetate, pH=4, 0.1 M 
sodium hydroxide, DDI, and finally M63 buffer with 0.1 % sodium azidc. The starch-modi (led gel 
was stored in a M63 buffer containing 0,1 % sodium azide at 4 °C for future use.
13
OH O ^ C H  CH^-O-CHjCK^ O- CHg-Gh^O^
I




O ' C * ^ -^ C H r 0-CH2CH2CH2< > £0- CHj-CH-CHOR 
OH OH
Figure 2-2. Oxirane Activation and Coupling
2.8 Cell Adhesion Assay
Cell adhesion assay was applied to mixed cultures to estimate the fraction of adhering strain in the 
population. The equipment setup for cell adhesion assay is shown in Figure 2-3, which is consisted 
of a chromatography column (C 10/20, Pharmacia) fitted with a 20 pm bed support, a flow-through 
UV spectrophotometer (V4Jsco), a Varian integrator (Spectra Physics 4270), and an IBM PC XT 
for data acquisition and analysis. Two different operating conditions were employed for the two 
starch-modi fled agarose beads. When the starch-Sepharose was used, 1 ml of the gel was packed in 
the chromatography column. In this case, cell samples were introduced into the column without 
further dilution. On the other hand, when starch-Bio gel was used, 5 ml of the gel was packed in the 
column and the cell samples were diluted with M63 buffer to an optical density of 0.1 ± 0.005 at 650 
nm. Having packed in the column, the gel was washed at 2.5 ml/min M63 buffer until the effluent 
was relatively rid of impurities. This was followed by washing the gel with about 2.5 bed volumes 
of M63 at the designated flow rate before a pulse of cells was introduced into the column. The cells
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were washed at a constant flow rate with the wash buffer, M63 salts, pH=7.0, and the specifically 
adhering cells in the column were eluted by an eluting buffer, M63 salts, pH=7.0, containing 0.4 M 
maltose. The eluant from the column was directed to the pass-through UV spectrophotometer where 
the optical density of cell biomass was monitored continuously at 650 nm.
The first peak to come out of the column was from the non-adhering cells. After the introduction 
of the eluting buffer, M63 salt with 0.4 M maltose, the adhering cells were eluted from the column 
as indicated by the presence of the second peak. Afterwards, the gel was regenerated by washing 
with M63 buffer at 2.0 ml/min with occasional backwash until the effluent was rid of remaining 
cells. The gel could be reused for about 20 times and the adhesion accuracy was checked by 
maltose-grown 23716A which always expresses 90 % adhesion [Roos and Hjortso, 1989]. When 
not in use, the gel was maintained by circulating M63 buffer containing 0.4 M maltose and 0.1 % 
sodium azide at 0.5 ml/min and was washed with M63 buffer at 2 ml/min before the next cell adhesion 
experiment
The Vanan integrator, set in the data slice mode, was used to analyze the signal from the 
spectrophotometer. The data slice information was transferred to the IBM PC XT and stored in disk 
for future analysis. The fraction of the adhering cells was obtained by dividing the area of the second 






Figure 2*3. Schematics for Cell Adhesion Assay
The equipment setup for cell adhesion assay. This setup includes 1) chromatography column, 
2) UV detector, 3) vanan integrator and 4) IBM PC XT for data acquisition.
2.9 Bioreactor System O peration
Three types of bioreactor systems were developed for the study of continuous culture experiments. 
For the control experiments, the system setup was a typical chemoslat system consisted of a 
custom-made reactor, a medium reservoir and a waste lank. The medium feed rate was controlled 
by a Masterflex pump (Cole-Parmer) and the constant reactor volume was maintained by an overflow 
from the reactor. The custom-made reactor was mounted on a fermentation system (BioFlo, New
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Brunswick) which provided air and aguauon. All fermentations were operated at 37°C maintained 
by a temperature controller (Versa-Therm, Cole-Parmer). As for the external circulation system, a 
water-jacked chromatography column (C 16/40, Pharmacia), maintained at 37°C by a thermostat 
(Precision) and packed with 10 ml of starch-Bio gel, was attached to the reactor. The external 
circulation rate was controlled by another Masterflex pump. For the case of internal suspension of 
starch-Bio gel in the reactor, a bag made of 20 pm nylon mesh (Spectra) was placed in the reactor.
The fermentation system, including the reactor, medium reservoir, waste tank, and the accessories 
to the reactor, but excluding the starch-Bio gel. was steam sterilized at 15 psig for 20 minutes. M63 
buffer, also steam sterilized, was added the Til ter-sterilized carbon source and supplemented amino 
acids, and the medium mixture was transferred ascplically to the medium reservoir. When the 
starch-Bio gel was used for the experiment, the gel was sterilized in a steam-sterilized Econo column 
(Bio-Rad) with subsequently wash of 150 ml of sterile 0.1 M NaOH and 150 ml of sterile M63 buffer 
at the flow rate of 45 ml/hr. The gel was then transferred asepucally into the chromatography column 
for the external circulation study, or into the nylon mesh bag in the reactor for the internal suspension 
study. Once transferred into the chromatography column, the gel was further sterilized with 100 ml 
of stenle 0.1 M NaOH and cquilibnaied with 100 ml of sterile M63 buffer, all at the flow rate of 15 
ml/hr. These procedures were applied to ensure the sterilization of the system.
CHAPTER 3 
MIXED CULTURE FERM ENTATIONS
3.1 Introduction
The development of a continuous competitive mixed culture fermentation system with specific cell 
adhesion is described. The goal is to investigate the feasibility of such fermentation system to maintain 
the coexistence of competing mixed cultures. Two steps are made to approach the goal. The first 
step is to identify a two-culture microbial system in which only the slower-growing strain possesses 
the adhesion ability to a prepared support . Following this is the development of a fermentation 
system that can retain the slower-grow ing, adhering strain in the system through specific cell adhesion. 
By the proper selection of carbon source and the use of UV mutation techniques, the model two-culture 
microbial system in which the adhering strain grows slower than the non-adhering one is obtained. 
A fermentation system furnished with a specific cel) adhesion surface is also found that may be able 
to provide an environment in which the slower-grow ing, adhering strain could be successfully retained 
in the reactor. This suggestion is supported by the result of one experiment that shows a retention 
of the adhering strain in the reactor over a period of time. The theory of control of mixed culture 
systems with specific cell adhesion is partially supported experimentally by this system.
Mixed culture fermentations are drawing more and more interests for their potentials in 
biotechnological applications. Mixed culture systems, compared to the systems with pure cultures, 
generally have higher production yields and have the ability to utilize more complex raw materials 
to produce more complex products. In fact, many processes, ranging from waste treatment to the 
productions of proteins, vitamins, amino acids, ethanol, and cheese, have been suggested as suitable 
for mixed culture fermentations [Haas cl aL. 1980]. However, pure culture systems are still 
predominant in the industrial fermentations. The reason is the difficulty of controlling and monitoring 
mixed culture systems. When mixed cultures are presented in a system, the cultures will likely 
compete for the same substrates. Since it is unlikely that different microorganisms have an identical 
growth rate, the fastest growing strain will eventually take over the population, and the system then 
ends up as a single culture.
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The kinetics of such scenario can be exemplified by the dynamic behavior of two microbial 
populations in a chemostat, essentially a well-mixed, flow-through reactor (CSTR). A simple 
competitive interaction between the two populations for a common rate-limiting substrate is usually 
assumed, even though various interaction relationships may also occur [Fredrickson and Tsuchiya]. 
Under this condition, the faster growing population is expected to outgrow the slower growing one 
and eventually becomes the dominate population in the system. The mathematical analysis is based 
on the material balance equations for the rate-limiting substrate (S) and for the celt densities of the 
two populations (X, and XJ in a chemostat with the assumption that the maintenance terms can be 
neglected:
where D is the dilution rate: p, and y, are the specific growth rate and the yield coefficient for the 
respective species; and S0 is the nutrient feed concentration.
The specific growth rates, p, and p,, are functions of substrate concentration (S), and are often
assumed to follow the Monod model:
where p^, is the maximum growth rate and X„ is the saturation constant for the respective species.
With different microorganisms unlikely to have an identical growth pattern to the same limiting 
substrate, two types of growth rate dependence patterns can be conceived for two different strains, 
as shown in Figure 3-1. When the two growth rale curves do not cross, as in Fig. 3-la, the growth 
rate of one population is always greater larger than the other. Under this condition, there will be no 
steady coexistence state since the population with faster growth rate will always outgrow the other 
one and eventually will dominate the chemostat. On the other hand, when the two growth rate curves 
do cross, as in Fig. 3-lb, there exists an equilibrium point where the two populations have the same
(In)
UA )
—  = ^DX) + pJX; (lb)
—  = £?(S0- 5 ) - u lXl/y, -m X A x ( 1C )
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growth rate. When the chemostat is operated at this point, a steady state coexistence for the two 
populations can theoretically be achieved. However, this steady state is unstable because a small 
perturbation will cause the operating condition to run away from the equilibrium point and result in 
a single culture system. Therefore, unless external measures are applied, a stable coexistence steady 




Figure 3-1. Growth Rate Dependency on Limiting-Substrate
The patterns of growth rate dependency on a limiting-substrate for two competing microbial 
populations. X-axis is substrate concentration (s). Y-axis is specific growth rale (p). When the 
growth curves do not cross (a), the two microorganism do not have the same growth rate. When 
the growth curves cross (b). the two microorganisms will have the same growth rate when the 
system is operated at dilution rate with the substrate concentration
Several methods have been proposed to maintain the coexistence of two competing microorganisms. 
In general , they can be classified into two types. The first type includes the methods that alter the 
operational parameters, such as dilution rale, nutrient feed concentration, pH or temperature, to 
manipulate the specific growth rates of two populations These methods have been shown to be 
effective when the growth curves cross and a change of operating variable will benefit one species 
over the other. Thus by cyclically operating the chemostat at the vicinity of the metastable equilibrium 
point, a stable coexistence cycle can be obtained [Mecrs, 1971; Aris and Humphrey, 1977; Davison 
and Slephanopoulos, 1986; Goochee £1 aL. 1987). A similar approach has also been proposed for a 
mixed culture system that does not have a metastable equilibrium point. For this type of system, a 
stable coexistence cycle can be achieved by periodically varying the dilution rate or nutrient feed 
concentration [Stephens and Lyberatos, 1987). This method utilizes variations of dilution rate or
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nutrient Teed concentration to obtain a higher average specific growth rate for the slower growing 
strain. This variation will thus result in a stable mixed culture cycle. This method has also been 
suggested to control the stability of unstable recombinant systems [Stephens and Lyberatos, 1988; 
Weber and San, 1989],
The other type of control method for mixed culture systems is to increase the residence time of the 
slower growing strain by exploiting the differences in cell properties between populations. The cell 
properties that have been proposed fra1 this purpose include cell size [Davison g  ftL. 1985] and 
flocculating property [Sheintuch 1987; Davis and Pamham, 1989] and have been found to be fairly 
successful.
The monitor of different populations in a mixed culture is another issue to be addressed before 
mixed cultures are to be applied to industrial operations. A fast method to monitor a mixed culture 
population is desirable because the interaction in mixed cultures is dynamic and the populations in 
the mixed culture changes with time. One traditional method to determine the fractions of different 
populations in a mixed culture is to use differential plate counts. However, the long time needed 
before the results can be known makes differential plate counts inadequate to monitor mixed cultures. 
Several other methods, such as electronic particle counting [Davison & aL, 1985] or turbidity 
[Goochee a  fiL. 1987], have been suggested to monitor mixed cultures, but they only work if there 
are macroscopic differences among the microorganisms. Therefore, a monitor method, if developed, 
will enhance the study of mixed cultures if it can rely on the more general microscopic differences 
among microorganisms, such as surface adhesion properties.
Recently, Roos and Hjonso [ 1989b] proposed the use of specific cell adhesion as a means to control 
mixed culture systems. A two culture system in which the slower growing strain possessed an 
adhesion advantage was assumed in their study. Thus, by providing an adhesion surface in the reactor, 
according to their analysis, the slower-growing strain could remain in the chemostat and compete 
with its faster growing counterpart. Furthermore, by furnishing adhesion area in the chemostat, a 
stable coexistence steady state could be obtained over a wide range of operating conditions. This 
control method is especially attractive because the expression of specific cell adhesion can easily be 
achieved by genetic engineering, and thus does not rely on the morphological difference among 
strains. Roos and Hjortso also elected the maltoporin system for specific cell adhesion [1989a],
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Maltoporin is part of an outer membrane transport system for maltose and large 
maltooligosaccharides, and expresses strong specific adhesion to starch [Ferenci and Lee. 1979). 
Furthermore, the maltoporin is expressed by the lamB gene and its expression can be reduced or 
enhanced by genetic engineering techniques. To illustrate the application of such system to mixed 
cultures, they used stare h-modified Sepharose as the support in a cell affinity chromatography 
column. A mixture of two £ , coli populations with different expressions of the LamB protein was 
applied to the column for cell separation. They found that stare h-Sepharose was effective in 
distinguishing the different cell strains and could be used as a monitor method for mixed cultures. 
To exemplify the application of specific cell adhesion to mixed culture fermentations, Roos set up 
a continuous two-culture fermentation system in which the two populations were different in the cel) 
adhesion properties [Roos, 1989b). With the available adhering strain having a faster growing rate, 
he proposed a method to remove the faster growing strain from the system by specific cell adhesion. 
This was achieved by attaching an external cell chromatography column packed with 
starch-Sepharose to the chemostat. The cel) culture was periodically withdrew from the chemostat 
and was applied to the affinity column. The slower growing, non-adhering cells that did not adhere 
to the support would return back to the chemostat, while their faster growing, adhering cells would 
adhere to the support and be eluted out of the system by eluting solution. The result from such 
fermentation system was encouraging because of the noticeable delay in the washout pattern for the 
slower growing strain. There was a drawback of this system, however, because the operation of the 
external cell affinity chromatography was intermittent and would not be practical for long term 
operations.
The goal of this work was to develop a fermentation system that could maintain the coexistence 
of mixed cultures over a long period of lime through specific cell adhesion. There were two steps 
to approach this goal. The first step was to identify a model competing two-culture system in which 
the adhering strain grew slower than its non-adhering counterpart. Thus, when the two strains were 
in a system, the slower-grow ing, adhering strain would be washed out. Followed was to develop a 
fermentation system that could utilize specific cell adhesion, so that the slower-growing, adhering 
strain could be retained and compete with the non-adhering, faster-growing strain. Two populations 
of Escherichia coli with different expressions of maltoporin were used, and their adhesion difference
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to starch was utilized. Through carbon source selection, UV mutation and strain selection, the model 
two-culture system was obtained The growth rate data and the cell adhesion dam were also measured. 
Several fermentation systems were set up and their operations were investigated It was found that 
an internal suspension system could provide a better operating condition for such fermentation with 
specific cell adhesion. This suggestion was supported by the result from one experiment which 
showed the slower growing, adhering strain was able to remain in the reactor and compete with its 
faster growing, non-adhering counterpart. A stable coexistence steady state was achieved for this 
competing two-culture system.
3.2 M aterials and Methods
3.2.1 M icroorganism s and C ulture Conditions
Two Escherichia coli strains, MCR106 and pop3132A, were used in this study. They were 
both derived from MC4100 and exhibited different expressions of maltoporin. The strain 
MCR106 has a modification of AlamB 106. i.e. with a deletion in the gene which codes for 
maltoporin, and thus can not produce a functional gene product, the maltoporin. On the other 
hand, the strain pop! 13 2 A has a deletion on malT. the positive regulator of the mal regulon which 
includes the lamB gene, and therefore constitutive!y expresses maltoporin. In order to 
differentiate cells by plate counts, the strain pop3132A was transformed with a plasmid coding 
for neomycin resistance.
Cultures were grown on L agar, composed of trypton, 10 g/1; yeast extract, 5 g/1; NaCl, 5 g/1; 
and Bacto agar, 15 g/1. When used in differential plate counts to select the plasmid-bearing 
colonies. 50 mg/1 of neomycin was added to L agar. L broth and M63 medium were used as 
liquid medium. The M63 media consisted of M63 salts, KHjPO*, 13.6 g/1; (NH^jSO*. 2 g/1; 
FeSO«7HjO, 0.5 mg/1, and was supplemented with MgS047Hj0, ImM; arginine, 20mg/l; 
thiamine, 20mg/1; and the carbon source, glucose or glycerol, of specified concentration. The 
pH was adjusted to 7.0 with NaOH.
3.2.2 UV Mutagenesis, Strain Selection and  G row th Rate Determ ination
UV mutagenesis was used in this work to obtain slower growing mutants from the adhering 
strain pop3132A. Two methods were used: the method described by Carlton and Brown [1981),
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and a modified method in which the parental cells were spread on L-agar plates before being 
exposed to a short-wave UV lamp. In both methods, colonies from the plates with less than 1% 
survival rate were collected.
Two methods were used to identify the slower growing strains from the pool of mutants obtained 
from the UV mutation. The first method was for pre-screening purpose: 4 ml of overnight cultures 
were inoculated with 50 ml of M63 containing 2 ml/1 glycerol and were incubated in a rotating 
shaker at 37°C. A Kleu-Sommerson colorimeter equipped with a blue filter was used to measure 
the cell growth. Cel) growth curves for each mutant were obtained from batch cultures.
Batch mixed cultures were then used to test the growth advantage of the non-adhering strain 
over its adhering counterpart: 3 ml of adhering strain overnight culture and 0.5 ml of non-adhering 
strain overnight culture were inoculated in 50 ml of M63 medium containing 2 ml/1 glycerol and 
were incubated at 37°C. After about 6 hours incubation, samples were taken for differential plate 
counts, and 2 ml of cultures were transferred to 50 ml of fresh media for further incubation. 
Several transfers were made until significant fracoon reductions for adhering strain were 
observed.
Monod parameters of growth rale kinetics were estimated from the initial rate data of shake 
flask experiments: 0.5 ml of overnight cultures were inoculated into 50 ml of M63 medium 
containing different glycerol concentrations. The flasks were incubated in a rotating shaker at 
37°C and 300 rpm. The cell biomass was measured by a spectrophotometer (6-550 UV/VIS 
type, Sargent Welsh) at 650 nm.
3.2.3 Support P reparation, Adhesion Assay and Data Acquisition
Two types of adhesion supports were prepared. The First one was crosslinked-amylose, prepared 
by the method described by Ferenci and Klotz [1978]. Starch modified Bio-gel was also used. 
This is obtained by modifying Bio-gel (Bio-Rad, A-5m, 50-100 mesh) with potato starch 
following the method used by Ferenci and Lee [1982] and Roos [1989a]. The starch-Bio gel 
was also used to monitor the mixed culture populations [Roos and Hjortsd, 1989a].
A cell adhesion assay was performed in the method similar to that describe by Roos and Hjortsp 
[1989a]. A chromatography column (C 10/20, Pharmacia LKB) packed with 5 ml of starch-Bio 
gel was used for the assay. 1 ml of the cell sample, diluted with M63 to an optical density of
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G. 1 ± 0.005 at 650 nm, was introduced to the column. The column was then washed with M63 
buffer at constant flow rate and the non-adhering cells were eluted. The adhered cells were eluted 
by the eluting buffer, M63 buffer containing 0.4 M maltose. The column effluent was monitored 
continuously by a flow-through spectrophotometer (Isci, V4) at the optical density of 650 nm, 
and a Vanan integrator was used to record the signal. The fraction of the adhering cells was 
estimated from the ratio of peak areas.
3.2.4 Ferm entation Conditions
Several types of continuous competitive mixed culture fermentation system were investigated 
in this work. Among them, the major part and the simplest setup was that for control experiments, 
in which simple competitive washout patterns were desired. As for the fermentation with specific 
cell adhesion, two types of equipment setups were used to equip the fermentation with starch-Bio 
gel, the surface for cell adhesion. One method was to connect the reactor to an external circulation 
system, which included a chromatography column for specific cell adhesion and a pump for cell 
culture circulation. Another method was to suspend the adhesion beads in the reactor for in situ 
cell adhesion.
All the equipment setup, including feed lank, a custom-made reactor, waste tank, and all other 
accessories, such as the chromatography column and the connecting tubings, but excluding the 
starch-Bio gel, was steam sterilized at 15 psig for 20 minutes. The M63 buffer, also steam 
sterilized, was added with the filler-sterilized carbon source and supplemented amino acids, and 
the final solution was transferred asepticaliy into the feed tank. When starch-Bio gel was used, 
10 ml of the gel was packed in a steam-sterilized Econo column (Bio-Rad) and washed 
subsequently with 150 ml sterile 0.1 M NaOH and 150 ml of sterile M63 buffer at the flow rate 
of 45 ml/hr. When external circulation was used, the sterile 10 ml of starch-Bio gel was packed 
asepticaliy in a steam-sterilized chromatography column (C 16/40, Pharmacia). Since it was 
necessary to adjust the column adaptor to remove the accumulated air in the column during the 
system setup, the gel-containing column was further washed with 100 ml of sterile 0.1 M NaOH 
and equitibriaied with 100 ml of sterile M63 buffer, all at the flow rate of 15 ml/hr.
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All fermentations were operated at 37°C and 0.8 std l/rmn. The agitation rate for the control 
experiments and the study of external circulation was 400 RPM A lower agitation rale, 60-100 
RPM, was used when the starch-Bio gel was suspended in the reactor. This was to reduce the 
shear force exerted on the adhered cells. This low agitation rate, however, was below the lower 
agitation bound of the magnetic stirrer and was count manually.
The dynamic behavior of the competitive mixed cultures was followed by monitoring the 
population balance changes in the reactor using differential plate counts and/or cell adhesion 
assay. The reactor was always operated at a batch mode for one of the strains until the optical 
density reached a reading of about 0.5 at 650 nm and was changed into a continuous mode by 
turning on the medium feed pump. The second strain was inoculated at least 5 hours after the 
continuous mode was started, and the inoculum volume and growth condition were the same for 
every experiment
3.2.4.1 Control Experiment 
The fermentation system for the control experiments, was a typical chemostat system and 
was the major part of other fermentation systems studied in this work. The whole system 
consisted of feed tank, a custom-made reactor and waste tank, as shown in Figure 3-2. The 
reactor was mounted on a BioFlo system (New Brunswick) which provided the air and 
agitation. The temperature was controlled by a temperature controller (Versa-Therm, 
Cole-Parmer).
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Figure 3*2. Fermentation Setup for Control Experiments
3.2A.2 External Circulation System
An external circulation loop was connected to the fermentation system to provide the 
adhesion surface, as shown in Figure 3-3. The idea of this system was to circulate the cell 
culture through the external column where the adhering cells would adhere and grow, while 
the non-adhering cells would just pass through. This would then increase the residence time 
of the adhering population. The chromatography column, maintained at 37°C by a thermostat 
(Precision) and packed with 10ml of starch-Bio gel, was used. Aperistalicpump(MasterFlex, 
Cole-Parmer) was used to circulate the cell culture from the reactor through the external loop.
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Figure 3*3. Fermentation Setup with External Circulation
3.2.43 Internal Suspension System
Internal suspension of starch-Bio gel in the reactor was investigated. In this system, the 
adhesion surface was placed in the reactor so that the adhered cells would have an environment 
similar to the cells in suspension. This system has the advantage of being less complicated 
to operate compared to the system with external circulation, and could also avoid the clogging 
problem of the chromatography column. Two types of internal suspension system were 
investigated. The first type was a free suspension of starch-Bio gel in the reactor. The idea 
of this free suspension came from a microcarrier cel) culture technique which is widely used
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for culturing animal cells rWezel, 1967,1973; Clark and Hinenstein, 1981; Pharmacia Fine 
Chemicals, 1981]. In order to prevent starch-Bio gel from sticking to die glass wall, Sigmacote 
(Silicone oil, Sigma) was applied to the glass reactor to form a film on the glass wall before 
the reactor was steam-sterilized. Furthermore, to prevent the suspended adhering beads from 
flowing out of the reactor, fillers made of 20 pm nylon mesh (Spectra) were put on the mouths 
of the overflow exit tubing and the sampling tubing.
Another type of internal suspension system was also investigated A bag made from 20 
tun nylon mesh was placed inside the reactor before sterilization. Starch-Bio gel, sterilized 
by the same procedure just described, was transferred into the bag before each experiment 
In both types of internal suspension system, the adhering strain, pop3132A was inoculated 
Fitsl After the inoculation, the reactor was operated at batch mode with a slow agitation rate 
at about 60 to 100 RPM. When the cell optical density in the reactor reached a reading of 
about 0.5 at 650 nm, the agitation was operated intermittently at 1 hour intervals for 8 to 12 
hours. This was to allow the cells to adhere to the adhesion beads in a quiescent environment. 
Afterwards, the reactor was operated at a continuous mode for at least 5 hours before the 
non-adhering strain was inoculated. This procedure was used to increase the adherence of 
the adhering cells to starch-Bio gel in the reactor.
3.3 Results
3.3.1 M icrobial System Selection
The first stage of this work was to search for a microbial two-culture system in which only the 
slower growing strain was capable of adhesion to the immobilized starch ligands. The microbial 
strains available for the project were MCR106 (lamB 1 and pop3132A (lamB*V but a proper 
culturing condition was needed to have a slower growing adhering strain in the two-culture 
system. In this work, four different carbon sources, maltose, glucose, glycerol, and lactose, were 
considered that might lead to a slower growth of the adhering strain. With maltoporin facilitating 
the transport of maltose, the lamB* strain was found to utilize maltose more efficient than its 
lamB counterpart and to have a faster growth rate [Roos, 1989c]. Glucose was then tested as 
the carbon source for this system. Figure 3 -4 ill ustrates the dynamic behavior of the mixed culture 
grown with glucose as the carbon source at different dilution rates. In this experiment, the
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non-adhering strain, MCR106, was inoculated first in the reactor, and the cell populations in the 
reactor were monitored after the adhering strain was inoculated. This arrangement was based 
on the idea that if the second inoculum, the adhering strain pop3132A, had a lower growth rate, 
it would be washed out after its inoculation. Also the dilution rate was increased during the 
experiment to find the operating conditions at which pop3132A would have a slower growth 
rate. However, as shown in Fig. 3-4, the fraction of pop3l32A continued to increase with time, 
even at different dilution rates. This indicates that the adhering strain always had a greater growth 
rate at any dilution rate when grown on glucose. Glucose was thus not the suitable carbon source 
for the system.
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Figure 3-4. Mixed Culture of MCR 106 and pop3132A on Glucose
Continuous mixed culture of MCR 106 and pop3132A grown on M63 with 0.5 g/l glucose. 
Reactor conditions; pH=7.0; V= 120 ml; Stirring Rate=400RPM; T=37 °C. Dilution rales are 
in hr ‘.Reactor containing MCR 106 at steady state was inoculated with pop3132A at t=0. 
Results were from differential plate counts.
Lactose and glycerol were then considered. These two carbon sources could be a better selection 
than maltose or glucose for achieving a slower growth of the adhering strain since lactose and 
glycerol had been found to confer a similar growth efficiency to both the lamB* and the lamB 
strains [Szmelcman and Hofnung, 1975]. Lactose, however, cannot be utilized by the two strains
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since they alt have a mutation on lactose operon. Glycerol was thus tried as a carbon source for 
the mixed culture. Figure 3-5 illustrates the dynamic behavior of the mixed culture system grown 
on glycerol. In this experiment, the fraction of the adhering strain, pop3132A, quickly increased 
and indicated a higher specific growth rate from the adhering strain. Therefore, using glycerol 
as the carbon source still could not achieve a slower growth from the adhering strain in the 
two-culture system.
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Figure 3-5. Mixed Culture of MCR 106 and pop3132A on Glycerol
Continuous mi xcd culture of MCR 106 and pop3132A grown on M63 wi th 2.0 ml/1 glycerol. 
Reactor conditions; D=0.87hr‘; pH=7.0; V=120 ml; Stirring Rate=400RPM; T=37 °C. 
Reactor containing MCR 106 at steady state was inoculated with pop3132A at 1=0. Results 
are from differenual plate counts.
UV mutagenesis was introduced to obtain a slower growing mutant from pop 3132 A, the adhering 
strain. Two UV mutation methods were employed. The killing rates from the method by Carlton 
and Brown [ 1981 ] were not proportional to the exposure time, and the survival rates were higher 
than 1% even after 2.5 minutes' exposure. It was suspected that water might interfere and shield 
the bacterial cells from the UV light. A modified method, spreading cells on agar plates before 
mutation, was therefore used. The efficiency was much better than the original method. Table 
3-1 shows the plate colony numbers from the UV mutation result for one of the experiments.
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The UV light was found to be efficient in killing through this exposure method. The colonies 
from the plates with less than 1 % survival rate were obtained and cultivated. Several experiments 
were run and a total of 36 colonies were collected.
Table 3-1. The Plate Counts from UV Mutagenesis
Exposure time, 
sec
0n 15" 30" 45" 60"
Dilution Plate type
Iff* Reg. NC NC 27 0 0
Neo. NC NC 7 0 0
icr* Reg. NC 111 0 6 0
Neo. NC 59 0 0 0
107 Reg. 170 20 0 0 0
Neo. 190 19 14 0 0
NC: Not counted; Plate type: l)Reg.: L agar, 2)Neo.: Neomycin-containing L agar 
The parental cells were grown on L broth to 2x1 O'/ml and were diluted to 1 0 \ 104, and 
107 before mutation.
Two growth rate differentiation methods were used to identify the mutants with slower growth 
rates. Cell growth curves from batch cultures was measured first to pre-screen the slower growing 
mutants from the 36 colonies by the UV mutation experiments. Five mutants with slower growth 
rates were identified. Batch mixed cultures containing both MCR 106 and the mutants of 
pop3132A were then used to identify the slowest growing mutant using glycerol as the carbon 
source. Recall that if the adhering strain has a greater growth rate than the non-adhering strain 
in a mixed culture, the colony numbers in the neomycin-containing plates will be similar to that 
in the regular plates after a long incubation. On the other hand, if much fewer colonies obtained 
from the neomycin-containing plates than in the regular plates, this indicates a slower growth 
for the adhering strain. Table 3-2 shows the plate counts of the batch mixed culture experiments 
for the parental strain pop3132A, or its mutants with MCR 106. When the parental strain 
pop3132A was incubated with MCR 106 in the batch mixed cultures, it was still the dominant 
population in the mixed culture even after 4 transfers. This indicated that the parental adhering 
strain, pop3132A, had a higher growth rate than the non-adhering strain, MCR106, during the
32
hatch mixed culture experiments. Recall that the same conclusion was also obtained from the 
continuous mixed culture experiment. On the other hand, when the mutant was incubated with 
MCR 106 in the batch mixed cultures, the mutant population was much smaller than that of the 
non-adhenng strain, MCR 106. This indicates a slower growth rate for the mutant than for 
MCR 106. The mutant was then named pop3132A-l and used in future experiments.
In summary, the microbial system for the mixed culture fermentation with specific cell adhesion 
had been identified Glycerol was selected as the carbon source since it would allow the adhering 
strain to grow slower than the non-adhering strain. The non-adhering strain was MCR 106 and 
the adhering strain was pop3132A-l, a mutant of pop3132A.
Table 3-2. Plate Counts from Batch Mixed Cultures 
a) Parental strain b) Mutant Strain
Transfer 1 2 3 4 1 2 3 4
Plate 28 35 21 NC 86 43 28 205
counts 24 44 14 NC 85 45 27 227
(R) 25 40 19 NC 104 50 27 219
Plate 15 22 18 231 0 0 0 0
counts 19 15 19 226 0 0 0 0
(Neo) 11 24 16 226 0 0 0 0
NC: not counted.
Plate counts (R): Number of colonies on L agar plates.
Plate counts (Neo): number of colonies on neomycin-containing L agar plates.
Mixture of 3 ml overnight adhering strain, pop3132A or the mutant, and 0.5 ml overnight 
MCR 106 were incubated in 50 ml of M63 containing 2 ml/1 glycerol. After about every 6 
hours, 2 ml of cell culture was transferred to 50 ml of fresh medium.
All cell samples were diluted to 10'\
3.3.2 G row th Rate Kinetics of MCR 106 and pop3132A-l
Growth rate kinetics are important to fermentation study. The information derived from the 
batch mixed culture experiments only indicates that the non-adhering strain MCR 106 was 
growing faster than the adhering strain mutant pop3132A-1 under batch conditions. Since a high 
initial concentration of glycerol, 2 ml/1, was used for the batch mixed culture experiments, there 
could be a possibility that the growth advantage of MCR 106 might not occur in a continuous 
culture, in which the substrate concentration is low. Monod mode) parameters, including the
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maximum specific rate constant, and the saturation constant, Kr  can provide the kinetic 
information on the growth patterns. In this work, the Monod parameters are estimated from 
Haynes and Lineweaver-Burk plots. These two plots are obtained by a rearrangement of the 
Monod equation (Eqn. 2) as follows:
1) Haynes plot:
S K, 1-   ---- + ----- S
and
2) Lineweaver-Burk plot:
1 1 K,  1
In this study, the Monod parameters were obtained from the analysis of the initial rate flam of 
shake flasks at different substrate concentrations. Figure 3-7 shows the experimental results as 
Haynes plot for growth rate kinetics measurement. From the inverse of the slope, the estimates 
of the maximum specific growth rate were determined The estimates of saturation constant were 
obtained by dividing the value of the intercept over that of the slope. A weighted Lineweaver-Burk 
method was also used for the estimation of Monod parameters. In this weighted method, instead 
of using the least square method to obtain the slope and the intercept, a weight factor was 
introduced to give more weight to the data points with higher accuracy. This was achieved by 
assigning the weight factor as the substrate concentration. Table 3-3 lists the slopes and the 
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Figure 3-6.Haynes Plot for MCR106 and pop3132A>I on Glycerol
Haynes plot used to determ ine the growth rate kinetics of MCR 106 and pop313 2 A -1. Growth 
rates were obtained from the initial rate data from shake flask experiments with glycerol as 
the carbon source.
As shown in Table 3-3, both methods give similar estimates for the maximum specific growth 
rate constants, with the non-adhering strain MCR 106 having a greater maximum specific rate. 
The estimates for the saturation constants, however, do not present a clear picture on which strain 
has a smaller saturation constant. This is not surprising since both Haynes and the weighted
Lineweaver-Burk methods can provide good estimates of maximum specific rate constant, u__
while the estimates of saturation constant, K„ are alt subjected to a large error [Bailey and Ollis, 
1977J. A better method to estimate the saturation constants would be to run the experiments at 
the substrate concentrations close to the saturation constants, which was not possible in this 
project due to instrumental limitation. But the weighted Lineweaver-Burk method would give 
a better estimate on the saturation constant compared to that by Haynes plot [Davis and Pamham, 
1989], and provide some information on the saturation constants for the two strains. This 
conjecture is reflected in the smaller standard deviations obtained from the weighted
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Lineweaver-Burk method for both strains, as shown in Table 3-3. If this indeed is the case, the 
Monod parameters listed in Table 3-3 would then imply a cross between the substrate dependency 
curves for MCR 106 and pop3132A-l. With a greater maximum specific rate constant and a 
greater saturation constant for the non-adhering strain, MCR 106, an equilibrium point might 
exist where both the strains have the same growth rate. However, throughout out the experiments 
it was round that the adhering strain, pop3l32A-l, was always the slower growing strain in the 
mixed culture and was washed out in the continuous mixed culture experiments with various 
dilution rates.
3 J .3  Cell Adhesion Assay
The population balances of mixed culture systems were monitored by a cell adhesion assay, 
as described earlier. Instead of the long lag time needed to get the results from differential plate 
counts, usually 24 hours, the cell adhesion assay provides a quick method to obtain the population 
information in mixed cultures [Roos and Hjortsp, 1989a], However, the non-specific interaction 
between the ligand-coated support and the non-adhering strain has to be minimized to obtain
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accurate estimates in the cell mixture. This non-specific interaction effect was examined by 
running the chromatography column at different elution rates with different cell population 
compositions and different packings. Crosslinked am ylose was tested first as a packing for the 
affinity column. The results did not indicate a noticeable affinity to lamB* E. coli cells. Starch-Bio 
gel was then tested. It was found that starch-Bio gel could effectively adhere lamB* cells. Figure 
3-7 shows the effect of elution rates on separation accuracy of the adhesion assay. Pure cell 
cultures were diluted to the same optical density with M63, and different amounts of cells were 
mixed to form the cell samples. The adhering strain pop3132A-1 was obtained from a continuous 
culture, while the non-adhering strain MCR 106 was from a overnight batch culture, both were 
grown on glycerol. The data points shown in Fig. 3.7 are the measured fractions of the adhered 
cells by the cell adhesion assay, while the straight diagonal line indicates the fraction of adhered 
cells in the prepared samples. It was found that the elution rate, 0.75 ml/min, provided a better 
estimate on cell population balances of cell mixtures. Even though the elution rate 0.5 ml/min 
gave a result similar to that of 0.75 ml/min, but it took a longer time for the adhesion assay to be 
completed. In all later experiments, 0.75 ml/min was used for cell adhesion assay.
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Figure 3-7. Effect of Flow Rate on Separation
Effect of flow rate on cell separation of starch-Bio gel on defined mixture of MCR 106 and 
pop3132 A-1. The x-axis is the fraction of adhering cells in the prepared samples, while the 
y-axis is the measured fraction of adhering cells by the celt adhesion assay. The adhering 
strain, pop3132A-l was obtained from a continuous culture, while the non-adhering strain. 
MCR 106, was obtained from a batch overnight culture. Both were grown on M63 with 
glycerol as carbon source.
3 J .4  Control Experim ent for Competitive Mixed C ulture Ferm entation
There were two reasons to run a control experiment, a continuous mixed culture fermentation: 
1) to make certain that the adhering strain would be washed out and be replaced by the 
non-adhering strain in the system; and 2) to generate data that could be used as a reference for 
later fermentation experiments with specific cell adhesion. Figure 3-8 shows the washout pattern 
for the control experiment The data points were obtained from the cell adhesion assay and the 
method of differential plate counts. In both methods, a similar pattern of washout was observed. 
It would lie fair to say that the adhering strain was the slower growing strain in the mixed culture 
under the operating condition, and the washout would be complete in about 70 hours of operation.
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Figure 3-8. Washout Pattern for Control Experiment
The washout pattern for control experiment of continuous mixed culture fermentation. 
Reactor: V= 170 ml; D= 0.462 hr T= 37 X ; stirring rates 400 RPM. Medium: M63 with 
0.5 ml/l glycerol. Reactor containing pop3!32A-l at steady state was inoculated with 
MCR 106 at t=0. Results were from cell adhesion assay and differential plate counts. Error 
bars show standard error for differential plate counts.
3.3.5 Competitive Mixed C ulture Ferm entation with Specific Cell 
Adhesion
Two different fermentation setups were studied to investigate the application of specific cell 
adhesion to mixed culture fermentations. The dynamics observed from these experiments were 
compared to that of the control experiment In this section, each design is described, and their 
advantages and disadvantages are discussed.
33.5.1 External Circulation System
In this system, the reactor was fitted with an external circulation loop composed of a 
chromatography column packed with 10 ml of starch-Bio gel. and a pump to circulate the 
cell culture. The objective was to continuously circulate the cell culture through the column, 
where the adhering cells would adhere and grow. On the other hand, the non-adhering cells
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would pass through the column and return back to the reactor. Under this assumption, the 
chromatography column would serve as a breeding surface for the adhering cells and thus 
retain these slower growing cells in the system.
Figure 3-9 shows the washout pattern for one of the experiments for the external circulation 
system. In this experiment, the external circulation loop was turned on at the later part of 
washout pattern when about 10% of the population in the reactor were the adhering cells. 
Soon after the external loop was turned on, it was observed that the color of the starch-Bio 
gel packing changed from white into light yellow, indicating attachment of cells to the beads. 
But, as can be seen in Fig. 3-9, the washout pattern was not much different with that of the 
control experiment, as in Fig. 3-8. After the experiment, the chromatography column was 
eluted with M63 containing 0.4 M maltose, and a large quantity of cells were eluted from 
the gel. It was suspected, that even with the large quantity of cells adhered to the starch-Bio 
gel beads, the slow flow rate of cell solution through the external circulation system, 0.75 
ml/min, might cause a substrate or oxygen starvation of the adhered cells in the column. 
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Figure 3-9. Washout Pattern for External Circulation System
The washout pattern for external circulation system of continuous mixed culture 
fermentation. Reactor V= 170 ml; D= 0.462 h r1; T= 37 °C; stirring rate= 400 RPM, 
Medium: M63 with 0.5 ml/l glycerol. Reactor containing pop3132A-l at steady state was 
inoculated with MCR106 at t=0. External circulation loop was turned on at t=54 hr and 
the flow rate was 0.75 ml/min. Results were from cell adhesion assay and differential 
plate counts. Error bars show standard error.
A fluidized-bed type external circulation loop was then tested. The chromatography column 
<C 16/40, Pharmacia) was packed with 10 ml of starch-Bio gel with an about 20 ml spacing 
atop of the gel. A 2 ml vial was glued to the mouth of the tubing withdrawing cell culture 
to the external circulation loop. The purpose of this vial was to reduce the amount of air 
bubbles to be withdrawn from the reactor. The external circulation was started when the 
adhering strain pop3132A-l was cultivated in the reactor at the continuous mode. Initially, 
fluidization was attained at a flow rate of 1.28 ml/min, but problems started to appear as the 
experiment progressed. Air bubbles, still withdrawn from the reactor, became entrapped in 
the gel and started to accumulate in the column. Even though the air in the column could be 
reduced by periodically shaking the chromatography column or increasing the circulating 
rate, other problems also appeared. Wilh the starch-Bio gel beads in the column adhering 
so large a quantity of cells, the whole system seemed to turn into a filter. The inter-particle 
unspecific interaction then began to appear, and the beads became aggregates. Finally, cells 
started to adhere to and accumulate on the 20 pm nylon mesh bed support. These problems
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added up and eventually caused the column to clog. Thus, unless other supports with higher 
densities can be used to allow for a higher flow rale in the column, a fluidlzed bed system is 
not suitable for the mixed culture system.
3.3.5.2 Internal Suspension system
The feasibility of suspending the cell adhesion supports inside the reactor was investigated. 
The internal suspension provides a growth environment for the adhered cells similar to that 
for the cells in suspension and is less complicated to operate compared to the external 
circulation system. In fact, this technique is widely used to cultivate animal cells [Were), 
1967,1973; Hemert £1 aL. 1969; Clark and Hirtenslein, 1981; Pharmacia Fine Chemicals, 
1981 ] and the cultivating procedures were introduced to this work. Sterilized starch-Bio gel 
was added to a reactor in which the adhering cells had been incubated at the batch mode. 
The air supply and stirring was applied on-off intermittently at 1 hour intervals for a total of 
8 to 12 hours before the system was turned into a continuous mode. The procedure, similar 
to that practiced in the microcarrier cell culture operations, was used here to allow for the 
adhering cells to attach to the adhesion beads. Furthermore, the stirring rate was reduced to 
about 100 rpm to prevent high shear forces to detach the adhered cells.
Two internal suspension systems were investigated. The First one was a free suspension 
type, in which starch-Bio gel beads were freely suspended in the reactor. This system worked 
well in the initial couple of hours of the operation, but then the beads would gradually clog 
the nylon mesh Filter at the mouth of the overflow tubing that was used to prevent the beads 
from flowing out of the reactor. The experiment then was aborted, and another internal 
suspension system was introduced.
A 20 pm nylon mesh bag containing 10 ml of starch-Bio gel was placed in the reactor. 
With the addition of the nylon mesh bag, the reactor was redesigned to have a larger volume 
to accommodate the newly installed nylon mesh bag. Furthermore, with the low stirring rate. 
100 rpm, and the large reactor volume, a new air sparger made of fritted glass (Millipore) 
was used in order to increase the oxygen transfer. The sparger was placed just under the nylon 
mesh bag to provide maximum oxygen transfer to the adhered cells. Before the experiment, 
10 ml of starch-Bio gel was sterilized by sterile 0.1 M NaOH and washed with sterile M63
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before being transferred aseptically into the bag, which was steam-sterilized with the reactor. 
The reactor, containing the adhering beads and the adhering strain, was operated at a batch 
mode until a noticeable biomass was observed. This was followed by an intermittent stirring 
at 1 hour intervals for 8 -10 hours. The continuous mode was then started and was operated 
for at least S hours before the second strain, MCR106, was inoculated.
Figure 3-10 shows the results of continuous mixed culture fermentation for control 
experiment and internal suspension system. It was clear that the slower growing, adhering 
strain was able to remain in the internal suspension system long after the total washout of its 
counterpart in the control experiment. Since the only difference between these two systems 
was the addition of adhering beads, this retention of the adhering strain almost certainly was 
due to the specific adhesion.
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Figure 3-10. Washout Pattern for Internal Suspension (I)
The washout patterns of continuous mixed culture fermentation for control experiment 
and internal suspension system: a) by differentia] plate counts, and b) by cell adhesion 
assay. Reactor V= 350 ml; D= 0.347 h r1; T= 37 “C; stirring rate= 90 RPM. Medium: 
M63 with 0.5 ml/1 glycerol. Reactor containing pop 3132A-1 at steady state was inoculated 
with MCR106 at t=0. Error bars show standard errors for the differential plate counts. 
Two outliers of differential plate counts for the internal suspension system were not 
shown: 1) 1=19.5 hr, fractional.258, S.E.=0.197; and 2) t=77.75 hr. fraction=2.168, 
S.E.=0.324.
Unfortunately, only one internal suspension experiment showed a positive indication of 
the retention of slower growing, adhering strain. Later attempts to repeat this experiment 
were not successful. In all other experiments, the fraction of adhering strain dropped faster 
in the internal suspension system than in the control experiment Furthermore, the initial 
biomass density for these experiments were significantly lower than that in the control 
experiment as shown in Figure 3-11. This observation was reproducible and only appeared
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in the experiments that did not show the retention of adhering strain. A probable cause was 
a slower growth rate for adhered cells caused by a local oxygen deficiency in the nylon mesh 
bag. With the slow stirring rate and the nylon mesh bag partitioning in the reactor, the oxygen 
transfer in the reactor could be inadequate. The oxygen limitation could be even worse inside 
the adhering beads-containing bag, considering the high density of adhered cells and the 
transfer resistance that might occur to across the nylon mesh. Therefore, even though cells 
did adhere to the adhering beads, the growth rate for the adhered cells could be severely 
reduced by a low oxygen concentration in the bag. This conjecture could be supported by 
the fact that the biomass density for the internal suspension experiment was low in the 
beginning and then gradually increased as the fraction of non-adhering strain increased.
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Figure 3-11. Washout Pattern for Internal Suspension (II)
The washout pattern from the cell adhesion assay (a) and the biomass optical density 
(b) for the internal suspension system when the adhered cells might have a slower 
growth rate. Reactor condition: volume, 400 ml; stirring rate. 80 rpm; D, 0.403 h r1; 
T. 37 °C. Other conditions were the same as in Figure 3-10.
3.4 Discussion and Suggestions
This chapter described the development of a continuous mixed culture fermentation with specific 
cell adhesion. A two-culture system in which only the slower growing strain was able to adhere to 
a certain type of immobilized ligands was obtained. Two F-srherirhia coli strains with different 
expressions of the maltoporin were used in this study. By properly selecting the carbon source and 
applying the UV mutation techniques to isolate a slow growing adhering strain, a system in which 
the adhering strain exhibited a slower growth rate than the non-adhering strain was obtained. The
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slower growth rate for the adhering strain was also indicated by the washout pattern in a continuous 
mixed culture system, as shown in the result of the control experiment Several fermentation systems 
with specific cell adhesion were investigated. The fermentation system with an internal suspension 
was found to be a better design. A stable coexistence steady state for the two competing strains was 
achieved from such system in one experiment The results from this chapter support the theory of 
control of mixed cultures via specific cell adhesion.
UV mutation can be used to obtain slower growing mutants from a microbial strain. In this work, 
a slower growing mutant was successfully derived through UV mutation. Spreading of cells on agar 
plates before the UV exposure was found to enhance the killing rate and improve the efficiency of 
mutation. The two mutant selection methods used in this project were found to be useful in obtaining 
the slower growing mutant.
An external circulation system was found not to be a suitable operation for the fermentation system 
with specific cell adhesion. With the slow flow rate allowed in the chromatography column, the 
adhered cells might suffer from substrate and/or oxygen limitation. When this was the case, the 
addition of specific cell adhesion surface would have little effect on the washout dynamics for the 
mixed cultures. Although the flow rate through the column could be increased by using a heavier 
support and/or running the column at Duidized condition, plugging problems would still haunt the 
system as the adhered cells grow in a filamentous form [Krug and Daugulis, 1983).
The internal suspension method was found to be a better design to immobilize cells in the reactor, 
as that has been widely used in the microcarrier cell culture productions. When the free suspension 
method was used, the clogging problem of the filter on overflow tubing had to be taken into account. 
In this project, the filler clogging was so severe that the experiment was aborted. Heavier supports, 
such as Cytodex, dextran beads for microcarrier cell culture system, or Eupergit, an oxirane 
polyacrylics, may be able to alleviate the filter clogging problem.
A stable coexistence of the competing mixed cultures was found to be possible in one experiment 
through the internal suspension system. However, attempts to repeal the experiment were not 
successful. The oxygen limitation was suggested to be a probable cause. In future, the improvement 
of oxygen transfer should be addressed. This can be obtained by a redesign of sparger, a change 
from air to oxygen, or an increase of agitation.
CHAPTER 4 
SPECIFIC  CELL ADHESION TO LIGAND-COATED SURFACES
4.1 Introduction
This chapter describes the model development for cell adhesion in the presence of immobilized 
ligands. Throughout the discussion, it is assumed that there are no soluble ligands present. An 
adhesion state model is employed to describe the cell adhesion phenomena, and the mathematical 
methods are developed to solve the model equations. When the adhesion state model is used to 
describe cell attachment, an analytical solution is obtained. On the other hand, after some 
approximation a partial differential equation is obtained for cell detachment and is solved by the 
finite element method. The model solutions provide a tool to elucidate the effects of various 
parameters on cell attachment and detachment. The model predictions are found to adequately 
describe cell adhesion phenomena observed in the literature. When compared to other models, this 
model is a more general case than the deterministic model suggested by Hammer and Lauffenburger 
(1987), and the probabilistic model proposed by Cozens-Roberts £1 aL, I1990b).
Specific cell adhesion plays a central role in many physiological phenomena and biotechnological 
applications. Specific cell adhesion is the interaction between the cell surface receptors and their 
unique complementary ligands on another surface, including other cell membrane or some other 
biomatcrial. In nature, different cells possess different surface receptors, and express different 
affinities to different ligands. One typical example of specific cell adhesion is the specific interaction, 
or recognition, between antibody and antigen. When a particular antigen appears in the body, 
lymphocytes will react by binding the cells that have surface antigens and only the antigen-specific 
lymphocytes are activated. This in turn initiates the body's immune response [Kotyk&aL, 1988a). 
At the biotechnological aspect, specific cell adhesion is widely used in many areas, such as cell 
separation [Ferenci and Lee, 1982; Clune el aL, 1984; Hertz el aL, 1985; Braun and Kumel, 1986, 
Berenson el aL, 1986a], development of endothelial seeding of vascular graft surfaces [Jarrell el aL, 
1986; Kesler £1 aL, 1986], and detection of cancer celts [Starr and Taggart, 1981). Cell affinity 
chromatography (CAC) is an elegant example of cell separation utilizing specific cell adhesion. In 
CAC, the support is modified by covalently attaching certain ligands, so that when a mixture of cells 
pass through the column, only the cells having the complimentary receptors will remain in the column
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while all other cells are eluted. This technique has been successfully used to separate lymphocytes 
[Hertz d  al . 1985; Berenson cl aL, 1986b; Braun and Kumel, 1986], separate bone marrow cells 
[Nicola d  aL, 1978], separate tissue culture cells [Kinzel et al., 1977], isolate mutants with altered 
surface receptors [Ferenci and Lee, 1982; Clune cl aL. 1984], and monitor the population balances 
in a mixed culture system [Roos and Hjorts0, 1989a]. Furthermore, specific cell adhesion has also 
been suggested as a method to control a mixed culture system [Roos and Hjortso. 1989b], If this 
idea could be realized, it would lead to new processes in fermentation technology, where more 
complex products could be obtained from a mixed culture fermentation system.
The interactions between a cell and a ligand-coated surface can be classified into two types of 
forces: the non-specific forces, that can be van der Waals, electrostatic or hydrophobic forces and 
do not require a geometric specificity between the receptor and ligand; and the specific adhesion 
interactions, that require a geometric compatibility between the receptor and ligand so that the 
molecules of the receptor or ligand are at the specific positions to form various interactions, such as 
van der Waals, electrostatic and hydrophobic forces. The specific adhesion forces in general are 
much larger than their non-specific counterpart and is the major factor in determining the 
cell-to-surface adhesion [Bell, 1978]. The magnitude of the specific adhesion has been suggested 
to be influenced by the cell membrane characteristics, the immobilized ligand properties, the medium 
composition, and the external forces, such as the hydrodynamic shear stress from the surrounding 
moving fluid. With the complexity of the adhesion system, most studies on adhesion kinetics focused 
on in vitro assays to elucidate the adhesion mechanism [Weigel £1 aL, 1979; McClay £1 aL. 1981; 
Jarrell £1 aL. 1986; Dejana a  aL, 1987; Liao a  aL, 1987; Lotz a  aL, 1989; Cozens-Robens a  &L, 
1990c; Truskey and Pirone, 1990]. In general, the experiments for adhesion studies can be separated 
into two parts: a cell attachment assay, in which the cells are incubated on the ligand-coated surface 
for a variable amount of time; followed by a detachment assay, in which the cells are subjected to a 
constant hydrodynamic shear stress for a given time whic h the percentage of cell released is examined. 
Attention has been focused on the initial binding behavior [Weigel £l &L. 1979; McClay £l aL. 1981; 
Dejana & aL, 1987; LiaodaL, 1987; LotzdaL. 1989; Cozens-Roberts d  aL, 1990c], the shear stress
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effect on detachment [Jarrell slaL, 1986; Cozens-RobertsaaL. 1990c; Truskey and Pirone, 1990], 
the temperature effect [McClay & aL, 1981; Liao & aL. 1987; Lotz a  aL, 1989], and the effect of 
competing inhibitor or soluble ligand [Weigel flaL. 1979; Liao g a t ,  1987].
The theoretical study of cell adhesion kinetics has also attracted intensive attention. The theoretical 
framework for the analysis of cell adhesion was first proposed by Bell [ 1978], In his modelling, the 
formation of a ligand-receptor bond was proposed as a two-step procedure with the encounter complex 
as the intermediate. When cells approach a ligand-coated surface, he suggested, the receptors will 
need to move close to the ligands so that they are in the positions to react. This step is referred to 
as the formation of encounter complexes. In the second step, the ligands and the receptors in the 
encounter complexes will adjust their positions so that the specific interactions will occur. These 
specific interactions are usually termed as ligand-receptor bonds. It is assumed that all the steps are 
reversible and the formation of encounter complexes is at a quasi-steady state. The effect of external 
forces on the ligand-receptor bonds is also considered by assuming that the lifetime of a bond under 
stress depends on the stress force per bond, the characteristic length of bond, and the temperature.
Based on Bell's theoretical framework. Hammer and Lauffenburger [1987] developed a dynamic 
model to describe the adhesion of a cell to adhere to a ligand-coated surface in a shear field. They 
assumed an initial contact time to allow the cell to adhere, after which period the ligand-receptor 
bonds between the cell and surface was under stress caused by the surrounding moving fluid. For 
simplification purpose, they also assumed the stress exerted on each of the ligand-receptor bonds 
to be the same in their model. Whether the cell could remain adhered to the surface would depend 
on whether the adhesion between the cell and surface could withstand the drag force. The effects of 
various parameters were investigated by the model, and the permissible shear rate was suggested to 
be dependent of bond number, the ligand-receptor affinity and the contact area. After comparing 
with experimental observations, they found that their model could explain many experimental 
observations.
Hammer and Lauffenburger’s model, however, is inadequate in describing the adhesion phenomena 
of a cell population. If the model is applied, under the assumption that all cells are identical, the 
cells will attach or detach altogether. However, this "all-or-none" prediction is inconsistent with the 
experimental results for cell attachment or detachment cited in the literature, which gradual
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phenomena were always reported. Cozens-Roberts £t at. [1990b] thus named Hammer and 
Lauffenburger’s model as "deterministic", because of the "all-or-none" nature. By extending the 
probabilistic model, they then proposed a "probabilistic model" to describe the adhesion of a cell 
population. In the model, they used a probability distribution to describe the bond number between 
a cell and a ligand-coated surface would form at any given time. The model was then used to 
investigate the transient behavior of cell attachment and detachment, and the model predictions were 
compared to the deterministic model. Through the comparison, Cozens-Roberts & [1990b]
suggested that the probabilistic model had the ability to predict the transient cell attachment and 
detachment, to give a better estimate of the time needed for cell attachment, and to more accurately 
assess the effect of the fluid shear force on cell detachment.
Recently, an adhesion state model was proposed by Roos to describe cell adhesion phenomena 
[1989c]. In his adhesion state model, adhesion states were defined as the bond numbers between 
the receptors of the adhered cells and the ligands, soluble or immobilized. With the assumption that 
the formation of ligand-receptor bonds be reversible, cells could thus move between states as the 
ligand-receptor bonds form or break. A distribution of cells in the adhesion states, or bond numbers 
between the ligands and cells, would also occur, as the cell number in a certain state would be 
influenced by the cell numbers in the neighboring states. A kinetic model, composed of coupled 
ordinary differential equations, was then set up to study the cell adhesion kinetics, and various 
parameters that influencing the ligand-receptor bond formation, such as ligand density, receptor 
number in the contact area, the affinity between ligands and receptors, and the shear force, were 
investigated. The size of the coupled ODE's would depend on the ligand-receptor bond number 
between the cells and ligands, and could be in the magnitude of hundreds. This would require a 
tremendous computational lime to solve if the traditional numerical methods for solving coupled 
ODE's, such as Runge-Kutla integration method, were to be used. Under this restriction, Roos had 
to use a small ligand-receptor bond number for the adhesion state model, and the effects of the 
parameters were studied. The model predictions, however, may not be practical since the 
ligand-receptor bond number used for the study was far below the realistic value. The mathematic
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solutions to the model that can extend the ligand-receptor bond number to a more realistic scale thus 
are desirable. If the solution methods can be obtained, the capability of this model to describe the 
adhesion phenomena can thus be evaluated.
In this chapter, the mathematical methods for solving the cell adhesion state model arc developed 
for the cases when only the immobilized ligands are present The cell adhesion phenomena, such as 
attachment and detachment, are study First through the eigenvalue method. For certain special cases, 
analytical solutions arc obtained for the cases of cell attachment. For cell detachment, the cell flux 
concept is introduced to transform the coupled ODE's into a single partial differentia) equation, 
which is then solved by the Finite element method. The effects of various parameters on cell 
attachment and detachment are then examined with the developed solution methods. Following is 
the comparisons of the adhesion state model to other two developed adhesion models reported in the 
literature. The model predictions are then compared to the experimental observations found from 
the literature. The adhesion state model is found to give better model predictions than the other 
developed models, and are adequate in describing many experimental cell adhesion observations.
4.2 M athem atical Model Development
This section begins with the review of the adhesion state model. The condition considered will be 
the cell adhesion to a ligand-coated surface while there are no soluble ligands presence. The various 
parameters that are involved in the model are explained and discussed. For cell attachment, a cell 
adhering process involving two different mechanism is detailed. The first mechanism is to describe 
the external mass transfer of cells from the bulk solution to the ligand-coated surface. Following is 
the kinetics of the movement of adhered cells in the adhesion stales. This adhering process arc then 
described mathematical! y by a complete set of differential equations. When the external mass transfer 
effect can be ignored, the mathematical equations are transformed into a simple form, which is a 
combination of the dimension less dissociation constant (t) and the dimensionless time parameter 
(x). Analytical solutions are derived under two different extreme cases: receptor limiting or ligand 
limiting. The adhesion model for cell detachment under shear forces is then described. Under some 
approximations, the adhesion model for cell detachment is transformed into a partial differential
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equation containing the variables of the dimension less dissociation constant (jfc), the dimension less 
time parameter (x), the shear force (a), and the dimension less removal rate (K*). This partial 
differential equation is then solved by the finite element method.
4.2.1 Assumptions and General Description 
In order to simplify the problem formulation, several assumptions are made in this study. First, 
cells are assumed to have the same binding affinity between the membrane receptors and the 
ligands. Thus, the rate constants for ligand-receptor bond formation or breakup are the same for 
every cell. Second, unless stated otherwise, cells arc assumed to have the same number of 
membrane receptors. This implies that the number of receptors in the contact area is the same 
for all the celts. Third, for the cell attachment case, cells are assumed to be suspended in solution, 
and at time 0 come in contact with the adhesion surface. Last, the diffusion of receptors that 
come into the contact area from other regions is neglected.
When cells are brought close to a ligand-coated surface through diffusion and/or convection, 
the surface receptors in the contact area will move to the vicinities of ligands and start forming 
ligand-receptor bonds with the ligands. The cells are then adhered to the surface through the 
ligand-receptor bonds. I n the mean time, they also encounter forces sue h as removal and repulsive 
forces, that prevent the cells from adhering to the surface. An initial contact stage is important 
because in this stage a competition exists between the adhesion and the repulsion forces. This 
stage thus determines that whether the cells can adhere to the ligand-coated surface. After the 
initial contact, when cells have formed enough bonds to overcome the repulsive forces, the 
adhered cells will strengthen their adhesion by increasing the bond number between their 
membrane receptors and the immobilized ligands on the surface. The mechanism of such cell 
adhesion has been found to be affected by the membrane properties, such as receptor density and 
receptor mobility, the ligand density and the affinity between the receptor and ligand [Weigel cl 
aL 1979; Dejana el aL, 1987; Roos 1989c). When the adhered cells are subjected to a shear 
stress from the surrounding moving fluid, the ligand-receptor bonds are stressed. Whether the 
cells can remain adhered will depend on whether they have enough ligand-receptor bonds to 
withstand the shear force [Hammer and Lauffenburger, 1987]. The kinetics of cell attachment 
or detachment was found to be a gradual process and, in some cases, can last for a long time
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before the attachment or detachment is completed [Weigel £1 aL, 1979; Cozens-Roberts £l aL, 
1990c). This suggests that there is a distribution of binding forces between the adhered cells and 
the immobilized ligands, otherwise the cell attachment or detachment will happen al the same 
time for all the cells.
4.2.2 Adhesion State Mode)
The adhesion state model was proposed to describe the cell adhesion to ligands, soluble or 
immobilized [Roos, 1989c). Here, the case when cells are adhered to immobilized ligands, but 
with no soluble I igands present is considered. In the mode I, cel Is are assumed in different adhesion 
slates which are defined as the bond numbers between the immobilized ligands and the surface 
receptors of the cells. Assuming that the formation of ligand-receptor bonds is reversible, celts 
arc then free to move from state to state in the adhesion state model as bonds form or break. 
Figure 4-1 depicts the adhesion states of an adhering cell. The parameters that determine the 





Figure 4-1. Schematics of Cell Adhesion States.
Adhesion stales Tor a cell adhering to a ligand-coated surface. The number in parenthesis 
indicates the adhesion slate defined as the number of ligand-receptor bonds between the cell 
and surface. The cell is transferred from the bulk solution to the ligand-coated surface at the 
external mass transfer rate kd. When the adhered cell is subjected to a shear force caused by 
the moving of surrounding fluid, the adhered cell may detach and leave the surface at the 
rate kr.
A general representation of the cell adhesion states is
N(i -  1 ,r) V ( i . r )  ' N(t + 1 ,0
where N(i,t)is the number of cells in the i* adhesion state at timet, while r,' and r, are the specific






The population balance for cells at the i* adhesion state is
(1)
The variable r' is the specific rate of cells entering the i* state through bond formation, and is
proportional to the apparent rate constant for the ligand-receptor bond formation, the density of 
unbound ligand and the number of unbound receptors in the contact area:
where k ' is the apparent rate constant for ligand-receptor bond formation, CL is the immobilized
ligand density, A is the contact area, and n is the number of receptors in the contact area. Notice 
that the density of unbound immobilized ligands decreases as more ligand-receptor bonds are 
formed, and will result in a lower rate of ligand-receptor bond formation. Notice that the maximum 
value of i, the ligand-receptor bond number between the adhered cells and the ligand-coated 
surface, is the number of receptors or ligands in the contact area, depending on each is limiting. 
The variable r, is the rate constant of cells leaving the i* state through bond breakup, and is
proportional to the number of ligand-receptor bonds and the apparent rate constant for 
ligand-receptor bond breakup:
where* is the apparent rale constant for ligand-receptor bond breakup When the ligand-receptor
bonds are subjected to a shear force, the rate constant for bond breakup is affected by the shear 
force. The effect, suggested by Bell [1978], will change the lifetime of ligand-receptor bonds 
and is dependent of the number of bonds, the bond length and the temperature. Notice that in 
this study the shear force is assumed to apply evenly to every ligand-receptor bond in the contact 
area. Thus the rate constant for bond breakup is a function of the shear force f T, the rate constant 
for the bond if no shear force is present, *o. and is given by
r ' .=k \ c L-  1 1/« — (i -  1)3A ( 2 )
r = i* <3o)
(3*)
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where is the apparent rate constant for ligand-receptor bond breakup, y  is the characteristic
length of the ligand-receptor bond, Fr is the total force exerted on the bonds, £» is the Boltzman 
constant, and T is the absolute temperature.
Due to the small size of adhered cells, the flow over the adhered cells in a viscous boundary 
layer is clearly Stoke's flow (Goldman 1967; Bell, 1978; Roos, 1989c], and the fluid drag 
force on a cell can be estimated from Stoke's law as:
where q is the fluid viscosity, a is the cell radius, and w is the characteristic velocity of the fluid.
The apparent rate constants k ’ and k have been derived from the kinetics of ligand-receptor
bond formation. The bond formation is usually considered as a reversible two-step procedure 
with an encounter complex as the intermediary (Pecht and Lancet, 1977; Bell, 1978; 
Lauffenburger and DcLisi, 1983], First, the receptor (R) has to diffuse to the proximity of a 
ligand (L) to allow for the formation of an encounter complex (L-R). Once an counter complex 
is formed, it will either break up, or continue to form a ligand-receptor bond (L-R). Thus, the 
kinetics for the formation of a ligand-receptor bond can be represented as:
The variables d. and d are the diffusive rate constants for the formation and breakup of the
encounter complex, respectively; while the variables k, and k are the intrinsic rate constants for 
the formation and breakup of the ligand-receptor bond.
In general, the concentration of encounter complexes is small compared to that of the reactants 
or product, and is usually assumed to be constant (Bell, 1978; DeLisi, 1980; Lauffenburger and 
DeLisi, 1983]. With this quasi-steady state assumption for encounter complexes, the apparent 
rate constants for the reactions become
Ft = 6»nyjv (4)
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While k, and A are the characteristic properties for a given ligand-receptor reaction, the values
of d, and d depend on the receptor mobility and the availability of unbound immobilized ligands.
The diffusive rate constants for an immobilized ligand-receptor complex are evaluated as a 
mobile receptor moves toward or away from a reactive disk, the ligand-receptor complex [DeLisi, 
1980; Roos, 1989c]. Few a mobile receptor to form a bond with an immobilized ligand, the mean 
encounter time is evaluated [Burg and Purcell, 1977J
where Dm is the receptor membrane diffusion coefficient, st is the radius of encounter complex,
and 5, is the mean separation radius between the unbound immobilized ligands. The parameters 
Dm and sc are functions of cell membrane properties and constants, while the value of s, depends 
on the unbound immobilized ligand density.
The net flux of ligands into the encounter complex is evaluated as the product of the amount 
of unbound immobilized ligands and the number of receptors in the contact area divided by the 
mean encounter time [Roos, 1989c) and is expressed as:
A similar approach is used to evaluate the rate constant for the breakup of an encounter complex. 
The characteristic time for a receptor to break away from the encounter complex is evaluated as 
[Roos, 1989c]
where (/?) is the surface density of receptors in the contact area.




And the flux out of an encounter complex is
t
The rate constant for the breakup of an encounter complex is then
d =7
= ~ T  <8)j ;
Notice that the apparent rale constants k ' and k' are functions of the intrinsic rate constants k.,
k and the receptor membrane diffusion coefficient Dm. Since the diffusional rate of receptors 
in the membrane is usually slow, the rates of the formation or breakup of encounter complexes 
d, and d are much smaller than that of the formation or breakup of ligand-receptor bond k. and 
k , and the diffusion of receptors in the cell membrane is the rate-limiting step in the 
ligand-receptor bond formation or break up process [Bel 1,1978], When this is the case, the process 
is a diffusion-limited ligand-receptor interaction (Cozens-Roberts, £1 aL 1990b], But, in cases 
where the rate for encounter complexes to form ligand-receptor bonds is very slow, the diffusion 
of receptors in the membrane will not be the rate-limiting step. When this is the case, the rate 
for forming a ligand-receptor bond will depend both on Dm. the membrane diffusion coefficient 
of receptors, and the intrinsic rate for the formation of ligand-receptor bonds. This is termed 
a non-diffusional limited ligand-receptor interaction.
The general equation of cell movement within the adhesion states can be obtained by combining 
Eqns. (2-8) with Eqn. (1). Notice that the population balance of cells at certain adhesion state 
not only is controlled by the ligand-receptor bond formation mechanism, but also is dependent 
of the amount of cells at that and the neighboring states. Also the population balance equation 
(1) can be applied to both cell attachment cm* detachment. However, since some differences exist 
between the mechanisms of cell attachment and detachment, some modifications of the adhesion 
model are needed before it is applied to the adhesion study.
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For cell attachment in the absence of fluid shear effect, the cell attachment is assumed to be 
composed of two processes: the external mass transfer of cells from the bulk solution to the 
ligand-coated surface, and the movement of adhered celts in the adhesion states. The first process 
assumes an external state N(b,t) which represents the number of cells in the bulk solution, and 
is expressed as:
where kd is the proportionality constant for cell diffusional movement from the bulk solution to
surface, i.e., a mass transfer coefficient.
The estimate of kd varies depending on the adhesion conditions. It is expected that kd would
be small when cells are in a quiescent fluid, while the mass transfer from the bulk solution to the 
ligand-coated surface will be large when cells are in a stirred liquid. When cells are in a quiescent 
condition, kd may be estimated as the Brownian displacement divided by the cell radius. Thus, 
for a cell of radius 1 \xm with a Brownian displacement of 1.08x10* cm/sec {Marshall 1985], kd 
can be estimated as 1.08x10 1 (sec)1.
After normalizing the population balances of the adhesion states with the total number of cells 
in the system, the complete set of population balance equations for cell attachment in the absence 
of fluid shear effect can be written as:
(9)
= r j (  i , t )  -  r ,‘/ ( 0 ,  r ) + k t f i b .  0  - m  01. (10b)
for 1 £ i S a* -  1,




where f U . t )  is the fraction of cells at the 1“ adhesion state, t is the time of attachment, and nt is
the maximum number of ligand-receptor bonds. The variable n, equals to the number of receptors 
or immobilized ligands in the contact area, depending on whether ligands or receptors are the 
limiting.
After the cells are adhered to the ligand-coated surface, they will be detached only when they 
are subjected to a shear force from the surrounding moving fluid. When this happens, the 
ligand-receptor bonds between the adhered cells and surface are under stress which then increases 
the breakup rate of the ligand-receptor bonds. This then leads to a decrease of the bond number 
distribution of the adhered cells and, as a result, some adhered cells will have all their 
ligand-receptor bonds broken and detach from the adhesion surface. Once detached, the adhered 
cells may remain around the ligand-coated surface and re-attach, or diffuse away from the surface 
and be earned out of the system by the moving fluid, depending on the fluid dynamic near the 
ligand-coated surface. If the fluid velocity near the surface is low, the detached cells may still 
have the opportunities to re-attach to the ligand-coated surface, otherwise detached cells may be 
carried away from the surface and have less, or even no, chance to re-attach. Notice that, the 
cell suspension in this study is assumed to be diluted so that the cells will not interact and effect 
each other on cell removal. Thus, in either case the rate of cell removal from the system is always 
proportional to the number of free cells. In the adhesion state model, a rate constant k, is introduced 
to represent the cell removal from the system, and the rate of cel) removal is included in the 
population balance equation for the 0* adhesion state. After normalizing the distribution of 
adhesion states with the total number of cells in the system, the complete set of population 
balance equations for cell detachment under shear force can be expressed as:
= r j (  1, i ) -  r i‘/ ( 0 ,  / )  -  k j (  0, / ) , (11a)
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where f(i.l) is the fraction of cells at the i“ adhesion state, and is the maximum number of 
ligand-receptor bonds, as previously defined.
The value of the rate constant for cell removal,*,, depends on the fluid velocity near the surface,
i.e. the same hydrodynamic force which causes stress of the ligand-receptor bonds. In this work, 
we will assume a total cell removal of the free cells from the system. In other words, a total 
"sink" is assumed for the cells at the 0^ adhesion state. This assumption is reasonable since a 
relatively large stress is used to study cell detachment in this work, and a total cell removal could 
be expected.
The transient distribution of cell attachment or detachment can be obtained by solving the 
coupled ordinary differential equations (Eqns. lOa-d, or 1 ta-c). These equations are linear and 
can be solved analytically once the eigenvalues and eigenvectors of the system are found. These 
are found by first arranging the variables f ( i , i) into a vector and the reaction rates into in a matrix. 
With this arrangement, the adhesion model equations are expressed as
|  {/} = [*]{/}
where {/} = {/(6,0 -/(0 .0 ./(  1 .0 ....... /(rh .0}r for cell attachment, or
If) = ( / (0 ,0 ,/ ( l ,0 ........ /(n*,0}r for cell detachment.
The values of [£} at ume t are obtained as
where [U], [V '] and \  are the eigenvectors, eigenrows and eigenvalues of the (/f] matrix, 
respectively.
Even though the eigenvalue method is simple to use, it requires numerical evaluation of the 
eigenvalues and eigenvectors. This will be tedious, or even impractical, if the size of [A ] is large. 
For example, for the IBM 4340 computer in LSU Chemical Engineering Department, the 
maximum size for [A?] is 200 for a storage capacity of 2048K. But with a typical number of
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ligand-receptor bonds between a cell and a surface that ranges to the hundreds [Cozens-Roberts 
£1 AL. 1990b: Capo et al.. 1982], the use of the eigenvalue method for the cell adhesion study is 
not practical, and other numerical methods that can expand the application range are desirable. 
Nonetheless, the analytical solution by the eigenvalue method of cases with a low number of 
lignad-receptor bonds can provide a qualitative insight into certain cel) attachment behaviors
4 3  Cell A ttachm ent
In this section, the solution methods for the cell attachment model are developed, and the application 
range of the adhesion state model isexiendedloa more realistic value The cell attachment is assumed 
to be composed of two process: the external cell mass transfer diffusion from the bulk solution to 
the ligand-coaled surface, and movement of adhered cells in the adhesion states through the 
ligand-receptor bond formation or breakup.
With the ligands being immobilized cm a solid surface and the free cells in solution, the external 
mass transfer of celts from the bulk solution to the surface is expected to affect the cell adhesion 
mechanism This effect would be significant if a high immobilized ligand concentration exists on 
plane surfaces or macroscopic spheres and could be a rate-limiting step in some cell adhesion 
conditions 1S ten berg £i aL. 1986]
If the cel! transport rate to the ligand-coaled surface from the bulk solution is much higher than 
the bond formation rate, the external mass transport effect can be neglected. If this is the case, 
equauon (10a) can be disregarded in the calculation, and the analytical solutions can be obtained. 
Two extreme cases are considered: the receptor limiting case and the ligand limiting case. The results 
from the two cases are then used to simulate the cell attachment phenomena
43.1 Receptor Limiting Case
When the receptor density in the contact area is much smaller than the density of immobilized 
ligands, the unbound immobilized ligand density will not change much during the attachment 
process and can be assumed constant. The specific rate for cells entering the t* state through 
bond formation (Eqn, 2) can be simplified as
r'  = k 'CL\n - U  -  1)]
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and the maximum number of ligand-receptor bonds. n». is the number of receptors in the contact 
area, n.
The population balance equations < 10 b-d) become
d m t )
dt = k f ( h t ) - k ’CLn m n ,  (12a)
for 1 S i £ n -  1,
and
- (i -  1 )If(i -  1.0 + (i + 1)* f(i  + i,i)  
-k 'CLl n - i ] f U . i ) - i k  / (U ) .  (12b)
= (12c)
Now introduce the following two dimensionless groups:
T ~k 'C ,t  and * = —— (13)
k'CL
where t  is the dimensionless time parameter and It is the dimensionless dissociation constant. 
The cell attachment equations (12a-c) arc transformed into dimensionless forms as:
df{ O.t)
dx
f o r lS i  < n - l ,
= In -(» -  iHAi -  l.D  + *(i + 11/0 + 1,t>
a X
-~(n -  i\f(i,x) -  kif(i,x) (14b)
and
-  J ( n  l . t )  ■ k n f i n . X )  (14c)d t
The dimensionless cell attachment equations (14a-c) can be solved analytically by first using 
the method of generating functions, which converts the ODE's into a partial differentia] equation. 
The method of characteristics is then used to solve the resulting partial differential equation.
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First, Equations <14a-c) can he viewed as special cases of the equation.
d f ( i .  t)
dx
- [ «  - i ] f ( i . x ) - k i / ( i , x )  
which applies from i=0 to i=n, with the understanding tha t/(-l,x ) = f in  + l,x) = 0. 
A generating function is defined as [Rhee & aL, 1986):
r{fi,T)= t( l+ M ) '/( i . t)
(15)
(16)
from which/(i,T) can be obtained as:
fU.J  ) = -j ( « rut,x) (17)
Since the total fraction of cells present, X/(i,x). must be constant and equal to 1,
r(0,T)= 1
The value of T at x=0 is obtained from the initial distribution of adhesion state. With initially 
no cells adhered,
r(p,0)=  1
Equauon (15) is then multiplied with the (1 + U)' term at different i. After summing over all 
i 's , we get for the left hand side,
A f a  t i  f) r  *
( i+ p ) '/ ( i ,x )I d + l i )■ -0
ar
To evaluate the right hand side, recall th a t/(-l,x ) = f in  + 1.x) = 0, so
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1(1  + p)'{[* - V  -  W O  ~ l . t ) -  [« - i l /( i . l)}
i  - D
and
I d  +n)' fjfcd + \ W +  l,X)-*i/(l.T))
= * 
= *
I  (1 + P)‘ ' ifU, T) -  I  (1 + , t )
H a) K 1+ JD ' 'i/O .D!, =o J
* a r
We obtain a partial differential equation
ar __ / ar ar
or
3 r
^  + ul* + 1 + p ) ^  = npT ( 18)
The method of characteristics f Rhce el al.. 1986] is employed to solve this linear two dimensional 
partial differential equation. The characteristic differential equations are
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dx
- =  1 (1 9 .)
^  = p[* + l + p ]  (196)
a s
d r  „
(i9c)as
where s is the coordinate that runs along the characteristic curve.
Notice that from Eqns. (19a*b). we can obtain a family of characteristics C, with a slope at time 
t  be
a  = ^  =-------- 1----: (20)
d p  p[Jt + 1 + p)
This family of characteristic curves arc parallel in the x - p  plane, or have the same slope for a 
fixed value of p, because a  is a function of p only.
By dividing (19c) over (19b), we can get
d f  npT
( 2 1 )
( 22 )
dp p(* + 1 +p)
which gives
„  „  f p + 1+k Y
r = rM ^ T 7 lJ
where Po is the initial value of p.
The variable x is related to p by Eqn. (20) as
J x _ <*p
p(p+ 1 +*)
=  -------1— 7 ~ ~ rd p  (23)^ p p + 1 + k )  1 + k
By integrating the equation from 0 to T and from p„ to p, we get
1 1-^7T77«PH1
P o+ l+ £  1+lt
Substituting this into Eqn. (22), we get
(24)
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Since r(Mo) = Hji, t = 0) -  1, Eqn. (25) becomes
(1 +*)'
Notice that this is a binomial distribution in the form of
■ n
fU . t) = . (
with
(25)
^  f  p + 1 - p ex p H l +*W Y
r = { U~k J (26)
which is the desired solution for r(p,T),
The cell distribution,/(i, i), is obtained from this result using Eqn. (16) as:
n -  v 1 n !  ( H + 1 + * - I t e x p H l + * ) t ] ) *  1 
1,1 i! (n -  * + 1)! (1+*)"
*(1 -e x p H l +*)t))’ ^
p V - p ) m"  (28)
p = (1 -ex p M l + *)t])(l +*)"’ (29)
The mean and the variance of the distribution are
Q = np = n ( l - e x p H l  + * )tM l +Jl> (30a)
c L = npO  - p )
n(l - e x p H l +*>!])(*+ ex p H l + *ttl)= — ---------------  ,----------  (.HJO)
0 + A ) 1
When n is large, this binomial distribution can be approximated by a normal distribution with 
the same mean and variance as:
(31)
/ , M ,  = V5 a e“ t  20-
The fraction of adhered cells with one or more ligand-receptor bonds, £, is
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C(T)= 1 - /(0 . X)
=  1 - (
k + ex p H l +*>Tl 
1 +* I (32)
43.2  Ligand Lim iting Case
When the immobilized ligand density in the contact area is much less than the cell receptor 
density, we can assume that the number of unbound receptors in the contact area does not change 
significantly during the adhesion process. The specific rate for cells entering the i* state through 
bond formation (Eqn. 2) can be approximated by:
where CL is the immobilized ligand density and A is the contact area, as defined before.
The maximum number of ligand-receptor bonds between the adhered cells and the ligand-coated 
surface in this case is the number of ligands in the contact area, and defined as:
= cla
where nL is the number of ligands in the contact area.
The assumption of constant k* and k~ can still hold, as in the ligand abundant case. First, the
apparent rate constant for the breakup of immobilized ligand-receptor bonds is independent of 
the unbound ligand density in the contact area (Eqns. 5 & 8), so k is always constant. Also, 
when the ligand density is low in the contact area, the mean separation radius between the unbound 
immobilized ligands, sIr is close to the radius of the contact area and is much larger than the 
radius of the encounter complex, sc. Thus, the rate constant for the formation of the encounter 
complex, d,, can be assumed constant (Eqn. 7) and so can the apparent rate constant for the 
formation of immobilized ligand-receptor bonds, k \  The population balance equations (10 b-d) 
become
i -  n
M
(33a)
for 1 5 i <. nt,
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rf /o .o  J r  « - r
dt * nfi i  -  1,0 + (i + 1 )*"/(/ + 1,0 
nfU , t)~ik  fU.t),
and
m n L,t)
dt = ** CL- nf(nL-  \ , t ) - n Lk f(nL,t)
(33ft)
(33c)
The procedure used to solve the receptor limiting case is employed here to solve the ligand 
limiting case. The partial differential equation derived from the method of generating functions 
is
d r * + — (1 +p)
nL
ar
and the cc 11 distribution, f { i , t), is obtained as:
Notice that this is also a binomial distribution as
V
, < J
w i t h
Pl = ' -  + *
The mean and the variance of the distribution are 
0 = nLpL = *L
\








The fraction of adhered cells with one or more ligand-receptor bonds, £, is
;(t) = l /(0 ,i)
-  + k
v /
4.4 Cell Detachment
In this section, the solution method for cell detachment is developed. Throughout the study, the 
focus is put on the effects of the hydrodynamic force on cell detachment. The number of immobilized 
ligands in the contact area is assumed to be much more than that of receptors, and so the ligand 
density is constant in the study. The purpose of these assumption is to understand the kinetics of 
cell detachment from a surface of high ligand density, which is important in many adhesion studies. 
The immobilized ligand-receptor bonds distribution is assumed to follow that described by the 
adhesion stale model for cell attachment (Eqn. 29 a-b).
The transient distribution of cell detachment under flow condition can easily be obtained by using 
the eigenvalue method to solve Eqns (I la-c). However, the numerical determination of eigenvalues 
and eigenvectors requires an unacceptable large computational effort if the maximum number of 
ligand-receptor bonds is large. Thus alternative solution methods are desirable to reduce the 
computational time and to expand the application range. With the exponential expression for shear 
force effect included in the population balance equations (Eqns. 1 la-c). the approach using the method 
of generating functions and the method of characteristics is no longer applicable. However, for some 
special cases, simplifications for the model equations are possible, and an approximate method can 
be used to solve the transient cell detachment distribution.
Under the assumption that the immobilized ligand density in the contact area is much larger than 
the receptor density, the available immobilized ligand density can be considered as constant 
throughout the detachment period, and the maximum number of ligand-receptor bonds, nt , will be 
the same as the number of receptors in the contact area, n. By substituting the rate equations for cell 
movement between the adhesion states, Eqns. (2 and 3b), into the population balance equations for 
cell detachment (1 la-c), we can obtain
W (40)
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= * Mp(  6l^ y v j^ u  • o  -  * *Ct «/{0, () -  k j {  0 ,1). (41o)
for 1 <, i S n -  1,
m ( i ,o  (  fiwYnov ^^  = k ' C L\n -  v  -  1 )IA( -  1, l )  + U + 1 *  expl k d  + U t )
- k ' C L[n e x p |6^ ^ ‘V j/~(i,f). (41b)
and
=*'CJ{n -  ] , l ) - n k  e x p ^ ^ ~ r p  (41c)
Notice that a specific cell removal rate, kr, appears in the adhesion equation for the tf* adhesion state. 
This term represents the rate of cell removal from the system.
Defining a dimensionless force, a , and a dimensionless cell removal rate, k*. as:
_ hTrynav *.« *-
K T  ‘  <42)
and using the two dimensionless groups of Eqns. (13). Eqns. (4 la-c) become:
d f {  0 ,x)
dx
for 1 < i S n -  1,
d f ( i .  I)
= k expfdlA 1 .x)-n/(0 , X) -  *7(0, T), (43a)
= |*  - ( i  -  l ) |/ ( i  -  l , t )  + *(i + 1 )ex d  — -  \f(i + l.x )
P(? K
d x  7 1
-[« “ *l/‘(i,T )-*I expl -  V(I,T) (43b)
and
t n exp^ — ^f(n, 1= / ( "  -  l , t )  + * e x | - ty .X) (43c)
The finite element method is used to solve the dimensionless population balance equations for cell 
detachment (43a-c) after some modifications. This is achieved by introducing the celt flux concept 
to transform the population balance equations into a single partial differential equation. First, the 
following cell fluxes are defined to represent the movement of cells within the adhesion states:
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? / :  d im ensionless cell flux leaving the i*  adhesion state through bond form ation
= ( / i - i  )f(i , t) (44a)
q~: d im ensionless cell flux leaving the i * adhesion state through bond tweak up
= ki c x p (“ y ( i ,D  (44b)
and
Q, : d im ensionless net cell flux leaving from  the (i -  1 )* to  the i *  adhesion  state
= <}' i <7, (44c)
Notice that the end-point conditions for Q, are:
Di=0,  Q, = -*'/(0,T)
and 2)i = n + 1, Q, = 0 (imaginary state)
where Jt* is the dimensionless cell removal rate. The imaginary stale at i=« + l is used to approximate
the real right-end-point condition  at i=n.
Equauon (43b) is rearranged as:
= < ? : - « . . , > - < < ? ; ( « )  
Taylor's expansion method is used to expand the fluxes q' , and q, , ,  around q ‘ and q, to the second 
order derivatives, respectively, as:
dq’ 1 f)2q'  ,
^ q‘ - ^ r + 2 ^ +OU ) {46a)
and ^  i a*fr
i r  + 2 a /2
When n is large, as assumed in the study, the net cell flux, Q, ,,, can also be expanded around Q, 
through Taylor's expansion to the first derivative as:
dC. 
° ' * i =  0 ' + ~ a r + O ( , J )
Equation (45) becomes:
Now let x=i/n and define q,' = r' f,  qi -  r / ,  where r* and r are the dimensionless specific rates 
for bond formation and breakup, respectively, and are 
r* — n -  i = />(! -  x), r 
Equation (47) can then be expressed as:
^ e x p ^ “ j  = * n x c x p ^
df = }_dQ
dt n dx
= - r ~ ^ -  [(r ~ r')f] (48a)
2/i13jT * ox
with the boundary conditions:
Dx=0,  Q = - k * m x )  (48ft)
2)x = \, G - 0  (48c)
The one-dimensional fmnc element method (Huebner 1975) is then employed to solve Equation
(48a) with its boundary conditions (48 b and c). In the finite element method, the line domain is
divided into small line elements, and the distribution of /  at a point inside the small line domain, say 
jr,, is approximated by a linear function
f t \xF) = Nl(xF)/i+ N1(xlt)/1
as shown in Figure 4-2. The subscripts 1 and 2 represent the left-hand and the nghl-hand node points 
of the element, respectively. The variables N are the nodal coordinate functions, while the variables 
/  are the values of the corresponding positions.
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 X2 - X ,  ------------
X p - X ,  >t <  X g-X p
Figure 4-2. The notation of nodal functions in an element
The coordinates Al,(x) and N/x)  can be interpreted as the weighting functions relating any interior
points to the end-point of the element, and are defined as:
ju- x x - x .
Nl{x) = ~ ---- • *!<*> = --------  ( « )x1- x i x2~ x l
Notice that
0. if} * i i . > = 1.2
I. tfj = i
and BN, 1 dS2 \
(50o)
(50*)dx dx x2- x l
Galerkin critenon, one particular method of weighted residuals (MWR), is then used to minimize 
the weighted residual. MWR is a technique for obtaining approximate solutions for linear or 
non-linear differential equations. The principle of MWR is to assume an approximate solution for 
the differentia) equation, given by a so-called trial function, that satisfies the boundary conditions 
but not necessary the differential equauon itself. By substituting the trial function into the differential 
equation, a residual is obtained. In the weighted-residual method, the trial function is determined 
by setting the integral of the weighted residual over the domain to be zero. In Galerkin critenon, the 
weighting function is chosen as the trial function. Thus by applying Galerkin criterion, the integral 
of a weighted residual for Equation (48) is set equal to zero and is shown as:
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By integration by parts, we can obtain the element equation as:
(52)
The integration of the second term in Eqn. (52) is evaluated by substituting Eqn. (48a) into the bracket 
as
r ^ r j .J., dx I I n 1'
dx
hdN^ ^ i c lir + r ’^ ' >1+^ 1(r
if the dimensionless specific rates for bond formation and breakup, r and r \  do not vary much in 
an element and can be taken as the average over the interval, then
- p ^ r
J,, ox \_J n dx 2n J i, dx dx n J., dx (53)
Furthermore we define {/}<*) = (/i.A)T. so
{•)




=  0 (54)
or in an element matrix form as:




f  N,N, N N 7 
NJ/ t N & dx (55 b)
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[«]
dN1 dNj dN{ dNj 
dx dx dx dx
dNjdN, dNjdNj 
dx dx dx dx
dx




{ C ) = -
1 K M rW -^ iU iX T ’U,)
By substituting the expressions for N,(x) and N£x) into the matrices, we obtain
[B\ = 1 -  1 


















Notice that Q^Xx,} ^  G("Ui) are the net cell fluxes across the element boundaries, and appear with
opposite signs in the {C} vector.
The fraction of cells in the interval ( x^x j  can be shown to be equal to
■/I*,.i,) = 2^i +/l) ~




where Ax is defined as x,-x,.
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In each element, there are two coupled element equations (54), and the neighboring elements share 
a common nodal point. A global equation is obtained by summing up all the coupled element 
equations for every element and is shown as:
where (f) is the global vector of f for the nodal points: [AA] and [BB] are the global matrices and 
are assembled from the element matrices [A] and [B], respectively.
Two components in the {C J vector in the element matrix (55) represent the cell fluxes across the 
two nodal points. When the individual element equations are assembled into the global equation, 
the cell fluxes across the interior points inside the domain are cancelled, since the flux going out of 
the left end point of an element is the same as the flux coming in from the right end point for the 
next element. Mathematically, the equality of the cell fluxes is seen from the element vector (C) 
(Eqn. 56c) which shows that the two components have opposite signs. Thus when the elements are 
connected into the global domain, the components are zeros for the interior points. The only two 
components in the global {CC} vector that may not be zero are at x = 0 and x = 1. However, from 
the boundary conditions (Eqns. 48 b-c), we know that there is no cell flux across the boundary at 
x = 1, therefore, the component corresponding to the position of x  = 1 in the {CC} is also zero. With 
a cell flux at x = 0 which is dependent of /(0,x), the global vector {CC} has only one non-zero 
component that is a function of /(0, t). The global vector {CC} can then be rearranged as:
where the components in \CC'\ are zeros, except at (0,0) position with the value of -k*tn. 
The global equation (57) then becomes
Several solution methods are obtained for the cell attachment or detachment using different 
assumptions in this work. These solution methods possess different application ranges and 




which is a coupled, linear system and can be solved through the eigenvalue method.
4.5 Sum m ary To Solution M ethods
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The population balance equations can be solved by the eigenvalue method. For the case of cel) 
attachment, an imaginary state representing the external mass transferor cells from the bulk solution 
to the ligand-coated surface is added to the population balance equations. While for cell detachment, 
a cell removal term is included in the population balance equation for the 0“ adhesion state to describe 
the removal of cells from the system by the surrounding moving fluid. But the tedious computational 
procedures needed to calculate the eigenvalues from the derived matrixes make the method only 
suitable for the cases of small maximum ligand-receptor bond numbers. This condition is impractical 
since the number of ligand-receptor bonds between the adhered cells and a ligand-coated surface 
may be in the hundreds. Other solution methods are thus desired.
When the external mass transfer rate for cells to move from the bulk solution to the ligand-coated 
surface is much faster than the bond formation rate, analytical solutions are obtained for cell 
attachment study under different assumptions. When the receptors are limiting in the contact area, 
the unbound ligands can be assumed constant throughout the cell attachment. The bond number 
distribution, or the cell distribution in the adhesion states, can be approximated as:
Where/(i, t) is the fraction of cells at thei* state; t  is the dimensionless time of cell attachment; and
k is dimensionless dissociation constant.
When the immobilized ligands are limiting, the number of unbound receptors in the contact area 
can be assumed constant. The cell adhesion distribution in the adhesion slates can be approximated 
as a normal distribution (Eqn 30) with the mean and the variance of the distribution as
(30)
with the mean and the variance of the distribution as
6 = n(l - e x p H l  +A)r]y<l +*)
and





where n and are the numbers of receptors and ligands in the contact area, respectively.
With regard to the cell detachment, an approximate solution is obtained through the finite element 
method. By assuming that the cells fluxes do not vary much in the neighboring states and can be 
expanded by Taylor's expansion, the population balance equations are turned into an one-dimensional 
second order differential equation. The finite element method and Galertin's criterion are then 
introduced to discretize the differential equation into coupled algebraic equations, which are solved 
by the eigenvalue method. This approach not only reduces the computational time for solving the 
adhesion state mode), also extends the application range of the model to cell adhesion.
4.6 General Model Results
In this section, the solutions to the cell adhesion model are used to examine the effects of individual 
variables on cell attachment and delac hmeni. On cell attachment, the effects of external mass transfer, 
immobilized ligand density, and the cell membrane characteristics are studied On celt detachment, 
attention is focused on the impact of shear forces on the rate of cell removal. Experimental parameter 
values from the literature are used in the model whenever possible. Table 4-1 lists the parameter 
val ues that are used in the adhesion study. Notice that, unless stated otherwise. the number of receptors 
in the contact area is assumed to be 250 for all model prediction calculations [Cozens-Roberts el aL. 
1990b]. This follows a comparison between the adhesion model described in this work and two other 
adhesion models found in the literature. Finally, the simulation predictions from the adhesion stale 
model are compared to the experimental observations in the literature, and the discrepancies are 
discussed.
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Table 4-1. Estimates of Parameter Values
Parameter Symbol Range References
Number of Receptors in the 
contact area




Dm lO ^-lO 11 Kotyk et al., 1988c





Cozens-Roberts £j aL, 
1990b©
Intrinsic Reverse Rate 
Constant, l/sec
* 10 Mo* Bell, 1978
Cell Radius, cm a 5x10'-5x10*
Encounter Complex Radius, 
cm
s. 4 x 1 0 1 0  7 Bell 1978
Immobilized Ligand 
Concentration, M/cm1
c L 10 ,4~10 11 Roos, 1989c
Bond Length, cm y 5x10 4 Bell 1978
Fraction of Cell Surface in 
Contact Area
P 0.1 Roos, 1989c
©For a diffusion-limited ligand-receptor interaction.
©For a non-diffusional limited ligand-receptor interaction.
4.6.1 A ttachm ent
4.6.1.1 External Mass T ransfer Effect
The cell attachment mechanism is assumed to involve two processes: the external mass 
transfer of free cells from the bulk solution to the vicinity of the adhesion surface, and the 
movement of adhered cells between the adhesion states. The external mass transfer of free 
cells can be a rale-limiting step if the rate for cells to move from the bulk solution to the
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ligand-coated surface is much lower than the formation me of ligand-receptor bonds. When 
this is the case, the fraction of adhered cells is controlled by the rate of external mass transfer. 
Once the cells are adhered, the bond distribution of adhered cells will depend on the rate of 
ligand-receptor bond formation. If the bond formation rate is fast, the receptors of adhered 
cells will immediately form bonds with the ligands, and a quasi-steady state can be assumed 
for the bond number distribution of the adhered cel Is. On the other hand, if the bond formation 
rate is slow, the bond number distribution of the adhered cells will be broad in the beginning 
of the cell attachment, due to the low number of ligand-receptor bonds for the newly adhered 
cells. These cases are illustrated in Figures 4-3 and 4-4. In Figure 4-3, the fraction and the 
bond number distribution of adhered cells are illustrated with three different external mass 
transfer rates, as shown with different values of kd, the external mass transfer coefficient 
Two intrinsic rate constants k, are used to show the coupling effects of the intrinsic bond 
formation rate with the external mass transfer on the bond number distribution for the adhered 
cells. In Figs. 4-3 a-c, a high value of intrinsic rate constant is used, while Figs. 4-3 d-f, show 
the effect of external mass transfer with a low intrinsic rate constant. From Figs. 4-3 a and 
e, similar patterns of adhering cell fraction arc obtained for both intrinsic rate constants. This 
is due to the fact that the adhering cell fraction is mostly determined by the external mass 
transfer. When the external mass transfer rate is fast (a high AJ, a total adherence of cells is 
quickly reached soon after the onset of cell attachment. While the cell adhering rate will be 
delayed with a low external mass transfer rate (a low k4).
The bond formation rate also affects the bond number distribution of adhered cells. Figs. 
4-3 b, c and e,f show the effects on mean bond number and variance at different intrinsic rate 
constants k When the bond formation rate ts very fast, a quasi-steady can be assumed for 
the bond number distribution of adhered cells. This in turn results in a constant mean bond 
number and variance of the adhered cells soon after the onset of cell attachment. On the 
other hand, if the bond formation rate is low, the mean bond number can be expected to 
increase gradually and then reach a stable value afterwards (Fig. 4-3 e). The bond number 
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Figure 4-3. External Mass Transfer Effect on Cell Attachment
The effects of external mass transfer on fraction of adhered cells (a.d), mean bond number 
of adhered cells (b.e), and variance of bond number distribution of adhered cells (c,f) for 
cell attachment. (A-c) are for a high intrinsic rate constant of bond formation, while (d-e) 
are for a low intrinsic rate constant of bond formation. The parameters are:
For (a-c): k*=l.28x10* sec'1, k =2.74x10' sec'1,
(d-0: k,«l.28xlO* sec k.=2.74x10* sec'1.
Other parameters are: D„=10 10 cm, a=10"* cm, s,=4xl0* cm,
CL=101’ M/cmJ, n=50, k ^ -  0.1, and 0.01 sec V
Figure 4-4 shows the effect of external mass transfer on the adhesion distribution with a 
low intrinsic rate constant for bond formation. When the external mass transfer is fast (k4 = —) 
, the cells are quickly adhered. The effect of external mass transfer in fact can be neglected. 
The bond number distribution of adhered cells the follows the binomial distribution described 
in Eqn. (26). On the other hand, if both the external mass transfer rate and the bond formation
83
rate are low, the bond number distribution will be broad with a long tailing at the lower end 
of the distribution. This long tailing is from the low bond number of the cells newly adhered 
to the surface. The effect of external mass transfer on cell adhesiveness Thus can be crucial, 
depending on the relative magnitudes of the external mass transfer and the bond formation 
rate. When the external mass transfer rate is lower than the bond formation rale, the rate of 
cell adherence to the ligand-coated surface will be slow. Furthermore, if the bond formation 
rate is also slow, not only the bond number distribution takes a longer time to reach the steady 
state, but also exists a fraction of adhered cells with low number or ligand-receptor bonds. 
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Figure 4-4. External Mass Transfer Effect on Adhesion States
The distribution of adhesion states of adhered cells under a) non-external mass transfer 
control and b) external mass transfer control for the case of low intrinsic bond formation 
rate.
k.j = » , and 0.01 sec l.
k* = 1.28x10* sec l. k = 2.74 x l0 J sec
Other parameters are the same as in Figure 4-3.
In order to reduce the effect of external mass transfer, several measures have been applied 
in experimental operations. 1 n cel I attachment studies, gentle rotation [Edelman dal, 1971; 
Kinzel el aL, 1977; Nicola el aL, 1978; Weigel el aL, 1979] and centrifugal force (McClay 
el al. 1981; Lot/ ei al, 1989] have been used to reduce the effect of external mass transfer. 
As for cell detachment, a 10-30 minutes’ quiescent incubation is usually employed to assure 
the cells to have reached the steady state distribution [ Hertz el al, 1985; Jarrell el al. 1986; 
Cozens-Roberts cl al. 1990c; Traskey and Pirone, 1990]. Recently, a continuous 
flow -through cel I affinit y chromatograph y system has been used for cc 11 adhesion assay study
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[Berenson ct al., 1986b; Roos and Hjcrtsd, 1989a]. This indicates that, even under flow 
condition, cells with high affinity to the ligands can still adhere to the ligand-coated support 
if the effect of external mass transfer can be reduced.
4.6,1.2 Ligand Density Effect
The immobilized ligand density on the adhesion surface plays an influential role on cell 
attachment mechanism. The ligand density not only affects the fraction of cells adhered to 
the ligand-coated surface, but also controls the cell attachment rate [Edelman cl fiL. 1971; 
Weigel £1 aL, 1979], It has also been found that a threshold ligand concentration exists for 
cell attachment, under which cells are not able to adhere to the surface. The threshold 
concentration has also been found to vary depending on the cell and ligand systems [Weigel 
£1 aL  1979], These phenomena can be replicated by the adhesion state model as shown 
below.
Recall that the cell distribution in the adhesion states can be approximated as a normal 
distribution as:
(30)
with mean 6 and variance a 3
0 -  n(l - e x p H l +*>tM1 +*) (29a)
^  -  e x p H l + * ) r l ) ( * + e x p H l  +*)t))
(1 + *)J
(29b)
when the receptors are limiting; or
oJ = (37b)
when the immobilized ligands are limiting.
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Notice that in either cast the bond number distribution depends on the variable k , the 
dimensionless dissociation constant, and the dimensionless time parameter, t. Notice that 
both are functions of the immobilized ligand density as
T - k 'C . t  and Jt = —  (13)
1 **CL
Therefore, a decrease of the immobilized ligand density will result in an increase in the 
dimensionless dissociation constant, which in turn reduces the mean of the bond number 
distribution of adhered cells. Furthermore, a lower level of the immobilized ligand density 
will result in a longer time needed to reach the steady stale, as shown by the expression of 
the dimensionless time parameter i. This effect is illustrated in Figure 4-5 with ligand densities 
of 10 11 to 10'l*M/cn2. From Fig. 4-5, a ten fold decrease of the immobilized ligand density 
is found to significantly reduce the mean bond number of the adhered cells and decrease the 
rate of bond number increase of adhered cells. Thus when cells are brought to contact with 
a surface with a low density of immobi lized ligands, the adhesi veness will be weak, espec tally 
in the initial stage. A small external disturbance may then break all the bonds between the 
surface and the adhered cells, as that observed by Weigel & aL. f 1979j.
The immobilized ligand density also affects the variance of the adhesion state distribution. 
When the ligand density is high, there is a sudden increase of variance at the initial adhesion 
stage. The bond number distribution then quickly narrows down with time to the high end 
of ligand-receptor bond number. This initial sudden increase of variance is caused by the 
fast bond formation rate driven by the high concentration of immobilized ligands. The fast 
bond formation rate fust causes a rapid bond number increase of adhered cells, and a bond 
number distribution skewed to the left is the result of a high fraction of adhered cells at the 
high bond number end of the distribution. As the whole bond number distribution increases 
with time, the driving force by the high immobilized ligand concentration is reduced, and 
the distribution changes into a normal distribution. When the immobilized ligand density 
decreases, the observation of the initial sudden increase of variance is reduced, since the
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driving force for the initial bond formation decreases. The variance will instead increase 
monotonically and stabilize at a constant value. The final value of variance also changes 
with the ligand density.
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Figure 4-5. Ligand Density Effect on Cell Attachment
The distribution of adhered cells in adhesion states al different immobilized ligand 
densities. The parameters are:
A, = 1.2&xfOJsec \  *_ = 2.74zJ0-1iec'1, A, = « , n = 250 
CL = 10 '\1 0  ‘\ 5 zlO u , and 10 “ M/cm1.
Other parameters are the same as in Figure 4-3.
4.6 .13  The Effect of Cell M em brane C haracteristics
The cell membrane characteristics, such as receptor density, receptor motility, and the 
affinity between receptor and ligand, have been found to be important factors in cell adhesion.
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and (he effects have been elucidated either experimentally [Weigel £l flL. 1979; 
Cozens-Roberts & aL  1990a] or theoretically (Hammer and LaufTenburger. 1987], Here, 
the effects of individual variables on cell attachment mechanism will be elucidated by the 
adhesion slate model, and, if available, related results are introduced for comparison.
Figure 4-6 shows the effects of the number of receptors in the contact area on cell attachment. 
As the number of receptors increases, the transient mean bond number and the variance of 
bond number distribution both increase proportionally, as indicated in Eqns. (29-30). When 
the steady state is reached, it is expected that the binding force between the adhered cells and 
the ligand-coated surface is also proportional to the receptor density, when other variables 
remain the same. This suggestion can be supported by the experimental Finding that the 
critical shear stress is indeed linearly proportional to the receptor density [Cozens-Roberts 
ClaL, 1990a].
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Figure 4-6. Receptor Number Effect on CelJ Attachment
The effect of receptor number in the contact area on cell attachment. The parameters are: 
* . =  1.28x/01 sec'1, *_ = 2.74x70 1 sec l, CL = 5x10 " M l c m 1
n=300, 250, and 200.
Other parameters are the same as in Figure 4-3.
The membrane diffusivity of cell surface receptors may affect cell attachment through a 
rate change of the encounter complex formation. Recall that the formation of ligand-receptor 
bonds is assumed to consist of two steps: the diffusion of a receptor to the proximity of a 
ligand to form an encounter complex, and the reaction step of the encounter complex to form 
the ligand-receptor bond. When the lateral movement of receptors in a viscous membrane 
is very slow, the diffusion of receptors controls the rate of the ligand-receptor bond formation.
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Thus, a decrease or the cell receptor membrane diffusivity could slow down the format]or 
rate of encounter complexes, which in turn could delay the cell attachment process. Figure 
4-7 shows the effect of membrane diffusivity on cell attachment. Notice that when the 
membrane diffusivity is small, the lime needed to reach the steady state is increased, but the 
final cell adhesion distribution is not affected by the membrane diffusivity.
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Figure 4*7. Membrane Diffusivity Effect on Cell Attachment
The effect of receptor membrane diffusivity on cell attachment. The parameters are: 
k*= 1.28x 101 sec \  k. = 2.74 x 10* sec ‘,1^ = -  CL= 5x 10 n M/cm’, n=250,
D ,=  10 l0, 10 u , and lO^cmVsec.
Other parameters are the same as in Figure 4-3.
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On the other hand, a change of the intrinsic reaction rate constants not only will change the 
rate of cell movement in the adhesion states, but also will affect the steady state mean bond 
number of adhered cells. As shown in Figure 4-8, an increase in the intrinsic forward rate 
constant results in a faster bond formation rale and a higher bond number between the adhered 
cells and the surface. This is caused by a more favorable condition for bond formation through 
the increase of the intrinsic forward rate constant. A similar model prediction was made by 
Hammer and Lauffenburger [1987], who suggested that an increase of the affinity between 
the ligands and receptors could result in an increase of cell adhesiveness and less receptors 
required for cell adhesion.
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Figure 4-8. Effect of Intrinsic Rates on Ceil Attachment
The effect of intrinsic forward rate constant on cell attachment. The parameters are: 
k = 2.74 xlO 1 s e c \  k* = c L= 5x10 ”  M/cm1, 
k. = 1.28x10*. 1.28x1 O', and 1.28x10* sec'1.
Other parameters are the same as in Figure 4-3.
4.6.2 Detachment
When the adhered cells on a ligand-coated surface are subjected to a shear force, their 
ligand-receptor bonds are under stress and will break at a faster rate than the unstressed bonds. 
If the stress is small, the adhered cells may only loose few of the ligand-receptor bonds and still 
remain adhered to the surface. However, as the shear stress increases, the driving force for bond 
breakup will become significant, and the possibility that some cells will have all the
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ligand-receptor bonds broken up and detach from the ligand-coated surface arise. This 
phenomenon of increased bond breakage rate under shear force is included in the adhesion state 
model as Eqns. (40a-c), where Stoke‘s equation is used to describe the fluid force exerted from 
the surrounding moving fluid. In this section, a description of the finite element method used to 
solve the cell detachment equations is introduced. In the model prediction, attention is focused 
on the shear stress effect on cell detachment.
The population balance equations for cell detachment (4Qa-c) can be solved by the eigenvalue 
method when the number of equations is small. As the equation number increases, the 
computational time needed to obtain the eigenvalues increases significantly. Unfortunately, the 
equation number for the adhesion state model equals to the number of the receptors or ligands 
in the contact area, and can be up to hundreds. It is thus impractical to solve the adhesion state 
model through the eigenvalue method.
The solution method developed in this work is the finite element method. Through the solution 
method, the approximate solution to the adhesion state model is obtained. However, the accuracy 
of the approximation clearly depends on the number of elements selected to describe the whole 
solution region. If a small number of elements is selected, a large error surely will occur. On 
the other hand, a small error may occur if a large number of elements is used. But then the 
approximation method loses its advantage of short computational time. A method for selecting 
the suitable element number is therefore developed.
Figure 4-9 shows the errors with different element numbers for the steady state distribution. 
In the comparison, a small maximum number of ligand-receptor bonds is used, so that the solution 
from the eigenvalue method can also be used for comparison for the latter transient detachment 
study. Notice that as the element number increases, the distribution curves fit better and better 
to the exact solution. However, the mean sum of error (the sum of error divided by the number 
of elements) decreases sharply at the initial increase of element numbers. But the rate of decrease 
of the mean sum of error decreases as the element number further increases. This provides us 
with information for selecting the suitable element number for calculation, which should be an 
element number such that a further increase will not decrease the error significantly.
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Figure 4-10 shows the comparison of transient detachment between the approximate solutions 
by the finite element method with different elements and the discrete model. An underestimate 
of the cell detachment rate can occur when a small number of elements is used. As the element 
number increases, the transient detachment obtained from the finite element mode) is closer to 
that of the discrete model. In this particular example, 25 elements are sufficient for describing 
a maximum bond number of 60. A reduction of the computational time is obtained by the use 
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Figure 4-9. The Approximate of Finite Element Method
A comparison between the approximates of the finite element method and the solution by 
the eigenvalue method at steady state distribution: (a) the reduction of mean sum of error at 
different element numbers, and (b) the approximate of cell distribution in the adhesion states 
at different element numbers. The parameters are:
k.= 1.28x10* sec l, k =2.74x10 sec \  D„=10id cmJ/sec , C, =5x10 11 M/cm1, n=60 
Other parameters are the same as in Figure 4-3.
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Figure 4-10. Number of Elements versus Cell Release Pattern
The effect of element numbers used for cell release: (a) the fraction of remaining cells and 
(b) the mean bond number of remaining cells. The parameters are the same as in Figure 4-9
In this section, a maximum number of ligand-receptor bonds of 250 is assumed, and the element 
number that can adequately describe this bond number needs to be identified. Figure 4-11 shows 
the errors from the finite element method with different element numbers. The results indicate 
that an element number of 75 may be adequate in describing the solution. Thus, 75 elements are 
used in the subsequent examples.
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Figure 4-11, FEM for High Bond Number Distribution
The approximate of the finite element method to a high bond number distribution: (a) the 
mean sum of error at different element numbers and (b) the approximate of cell distribution 
in the adhesion stales at different element numbers. The parameters are: 
k,= 1.28x10* sec k =2.74x10 sec1, Da=10’0 cmVsec. CL=5xl0 lJ M/cm1, n=250 
Other parameters are the same as in Figure 4-3.
Figure 4-12 shows the dynamics of cell detachment with different fluid velocities. When the 
fluid velocity is low, almost all the adhered cells can withstand the stress and remain attached to 
the surface during the time of study. However, as the fluid velocity and thus the driving force 
for bond breakup is increased, the mean bond number will shift to a lower value. The cell
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movement in the adhesion states is illustrated in Figure 4-13, from which the decrease of mean 
bond number and the widening of cell distribution in the adhesion state can be seen. Notice that 
in Fig. 4-13, the area under the curves represents the fraction of cells remain adheied to the 
surface. Therefore, a higher stress will cause a fast cell removal from the system, as shown in a 
quicker reduction of the area under the curves.
As the bond stress is increased by a higher velocity of the surrounding fluid, the bond breakup 
rate will further increase. This will lead to a higher probability that some adhered cells will have 
all the ligand-receptor bonds broken up and begin to detach from the surface. This effect is 
indicated by a faster cell detachment rate in Fig. 4-12. The mean bond number, however, does 
not change after the initial shift even as the adhered cells are gradually detached from the 
ligand-coated surface, as illustrated Figures 4-12b and 4-13.
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Figure 4-12, Fluid Velocity Effect on Cell Detachment
The effect of fluid velocity on cell detachment. The initial condition is assumed to be the 
steady state for cell attachment with the same parameters only in the absence of fluid effect. 
The parameters are:
k.= 1.28x10* s e c k =2.74x10 sec'1, D„=10l° cmVsec, CL=5x 1015 M/cm1. n=250 
v=13.5, 13.7. 13.9 and 14.1 cm/sec.
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Figure 4-13. Fluid Velocity Effect on Adhesion Distribution
Transient cell movement in the adhesion states for cell detachment at the fluid velocity of a) 
13.7. b) 13.9 and c) 14.1 cm/sec.
Other parameters are the same as in Figure 4 -12.
The number of ligand-receptor bonds between the adhered cells and a ligand-coated surface is 
an important factor in determining whether the adhered cells can withstand a certain shear force. 
Figure 4-14 illustrates the cell detachment patterns with different receptor densities by the same
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shear force. When other parameters are the same, the adhered cells with a higher surface receptor 
density will have a stronger resistance to a shear stress. This is due to a greater number of 
ligand-receptor bonds between the adhered cells and the surface caused by the presence of the 
higher number of surface receptors. A similar effect can also be obtained by a higher immobilized 
ligand density. These suggestions can be supported by the experimental findings by 
Cozens-Roberts a  JlL 11990a), who observed that a higher receptor density, or a higher 
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Figure 4-14. Receptor Number Effect on Cell Detachment
The effect of receptor number on cell detachment. The parameters are: 
v = 13.7cm/ sec, « =  240,245,250, and 255.
Other parameters are the same as in Figure 4 -12.
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Microbial cells have been found to have different surface receptor densities at different growth 
stages [Ryter d&L. 1975). Since a cell population is usually composed of cells with different 
growth stages, a distribution of cell receptor numbers may exist in a cell population. This variation 
will definitely affect the cell detachment pattern. Figure 4-15 is an example of cell detachment 
for mixed classes of cells predicted by the adhesion state model. Notice that the cell detachment 
pattern for mixed classes of cells is different from that for cells with one receptor density. At 
the initial stage of cell detachment, there is a sharp decrease of adhered cells, while the rate of 
cell detachment decreases with time. On the other hand, the sharp decrease followed by a slower 
cell detachment rate is not predicted for cells with one class of receptors, as seen in Figure 4- 14a. 
The assumption of cells with mixed classes of receptors and the cell detachment pattern can be 
supported by many similar experimental finding obtained in the literature (Mohandas d aL, 
1974; McClay d aL. 1981; Rosenman & aL. 1985; Kesler d  aL. 1986; Mege d aL. 1986; 
Cozens-Roberts d  aL. 1990c; Tniskey and Pirone. 1990],
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Figure 4-15. Ceil Detachment for Mixed Classes of Cells
The cell detachment behavior of mixed classes of cells. Cells are assumed to be composed 
of 5 subclasses of cells with n=240,10%; n=245,20%;n=250,40%; n=255,20%;and n=260, 
10%. The initial condition is assumed to be the steady state for cell attachment with the same 
parameters only in the absence of fluid effect. The parameters are: 
v = 13.5,13.7,13.9, and 14.1cm/sec.
Other parameters are the same as in Figure 4-12.
4.6.3 Com parison to  O ther Models
In this section, the adhesion state model is compared to the deterministic model, proposed by 
Hammer and Lauffenburger [1987], and the probabilistic model, suggested by Cozens-Roberts 
ClaL. [1990b],
4.6.3.1 Com parison to Deterministic Model
The deterministic model proposed by Hammer and Lauffenburger was developed to 
determine the effects of different parameters on the adhesiveness between an adhered cell 
and a ligand-coated surface in a shear field [1987], In the model, the immobilized ligand 
density was assumed to be much greater than the receptor density in the contact area, and 
remain almost constant through cell adhesion. An initial contact was assumed to allow the 
cell to adhere to the surface and form ligand-receptor bonds. After the initial contact, a shear
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force was then exerted on the adhered cells, and the ligand-receptor bonds were stressed. 
Whether the cell would remain adhered would depend on the force balances between the 
shear drag and the adhesiveness from the ligand-receptor bonds. The number of 
ligand-receptor bonds between the cell and the ligand-coated surface was based on Bell's 
model (1978] as
where i was the number of ligand-receptor bonds between the cell and the adhesion surface. 
The variables k ' and k were the apparent rate constants of the formation and breakup of 
ligand-receptor bonds.
The effect of shear on cell adhesion was included in the apparent rate constant for bond 
breakup k as
where the variables were the same as that shown in Eqn. 3b. Notice that the shear was assumed 
to be evenly distributed to every ligand-receptor bonds, and every bond was equal! y stressed.
A greater number of ligand-receptor bonds formed during the initial contact would be 
expected to give the cell a stronger adhesiveness to the ligand-coated surface, and a stronger 
resistance to the shear force. While the number of ligand-receptor bonds would be determined 
by the numbers of receptors and ligands in the contact area, the affinity between the ligand 
and receptor, and the characteristics of cell membrane, such as the membrane receptor 
diffusivity.
When used to predict cell adhesion for a cell population, the model assumed that every 
cel) had an identical mechanical force balance between the drag force and the adhesiveness 
force. The model prediction was derived mathematically for cell attachment and detachment 
separately on a cell scale, and extended the results to the cell population. For cell attachment, 
the deterministic model assumed the time needed to form the first bond between the cell and 
the adhesion surface as
— = k'CL(n - i ) - k  i (58a)
(58ft)
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which was Eqn. (58a) without the bond breakup term. By integrating i from 0 to 1 and t 
from 0 to f,. the time of attachment, the following result would be obtained as
The steady slate bond number distribution for the adhered celts could be derived as
with no variance.
The cell detachment was obtained by solving the eqns. (58 a and b) using Runge-Kutta 
method [Cozens-Roberts&al., 1990b], The cell would remain adhered when i > 0, and when 
i = 0 the cell would detach. The result of the mathematical calculation for the cell was then 
extended to the cell population.
AJI these model predictions showed an "all-or-none" characteristic since all the celts in a 
cell population, according this model, would attach or detach at the sametime, and the adhered 
cells would have the same number of ligand-receptor bonds.
On the other hand, the adhesion state model predicts that the cel I attachment is a continuous 
process. The fraction of cells adhered to the adhesion surface is
or
where X. is the dimension less time parameter for attachment.
Therefore, the fraction of adhered cells. was
t < t„  £ = 0




At the steady state, there is a bond number distribution of adhered cells as
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0 = -— - and <r = -
1+* (l+A )1
The cell detachment predicted by the adhesion state model is also a continuous process, as 
discussed in Sec. 4.7.2.
Both the deterministic and the adhesion state models are based on Bell’s model on describing 
the kinetics of ligand-receptor bond formation and breakup, and the effect of shear on bonds. 
However, the deterministic model extends the model predictions from one cell to a cell 
population, thus having an "all-or-none" characteristics. On the other hand, the adhesion 
state model uses the adhesion slates to allow for a bond number distribution between the 
adhered cells and the adhesion surface, thus giving continuous mode predictions on cell 
attachment or detachment. The experimental observations found from the literature did not 
show any "all-or-none" characteristic, but all indicated continuous modes for cell attachment 
or detachment. With the identical basic kinetic equations, the two models may give similar 
model predictions on the effects of various parameters on cel) adhesion. But the adhesion 
state model certainly gives better predictions on transient cell attachment and detachment, 
which the deterministic model fails to do.
4.6.3.2 Com parison to Probabilistic Model
Realizing the defect of the deterministic model by Hammer and Lauffenburger, 
Coze ns-Roberts a  aL. extended it and proposed a probabil is tic model to describe cel I adhesion 
[1990b]. In the model, they proposed a probability distribution to describe the number of 
ligand-receptor bonds between a cell and an adhesion surface at any time t. The probability, 
denoted as Pc(t), was defined as a function of the parameters affecting cell adhesion, such 
as number of receptors, immobilized ligand density, the apparent rate constants for bond 
formation and breakup, and the shear force effect for cell detachment. In the model, a receptor 
lim iting case was assumed, thus giving a constant ligand density in the study. The probabilistic 
model was then obtained through a probability balance on cells with C ligand-receptor bonds:
= kfNLlKT -  (C -  1 )\PiC t) -  [* X (K r  -C )P c
+*,c/>ci+ M C  + i y V , n (59fl)
106
for cell attachment; or
d- ^ -  = *;WJ«r -  (C -  1 )]/* (C „ -  (*X <*r -  C ^ c
+k,C e a p d F ^ rC V * c 1 + *,(C + 1 l e x p h f W f C  + 1)J/>(C. „ (59ft)
for cell detachment under shear effect;
The variable Rr is the total number of receptors in the contact area, NL is the ligand density,
A® and k° are the forward and reverse rate constants, respectively. When shear effect is present, 
y  is the range of interaction (bond length), FT is the total force exerted on the bonds, is the 
Boltzman constant, and T is the absolute temperature.
A dimension less bond number, 6, was introduced and defined as C!RT. From the cell 
attachment equation (58a), the mean and variance for the dimensionless bond number 0 was 
derived by Cozens-Roberts & aL, as:
<0>=(1 +*) ‘ {1 - e x p H l (60u)
and
*{1 e x p H l+*>!.)}+ cx p M l+ * )rj-e x p [-2 (l+ J t)T j
o  --------------------------------------- :-------------------------------  (WO)
where * is the dimensionless dissociation constant and defined as k = k?fk.jNL\ while x. is
the dimensionless attachment lime and defined as I, - k°NLt..
The distribution of the dimensionless bond number inferred from Eqns. (60 a,b) was then 
employed for their cell attachment studies. To allow for a non-zero value at 0 -  0, a lognormal 
distribution was assumed for the initial condition with the same mean and variance derived 
from Eqns. (60 a, b). This assumption was made to ensure a total cell adherence for the initial 
condition ofcell detachment. Taylor’s expansion was then employed to solve the detachment 
equation (59b), and the results were used for cell detachment model predictions.
From the model predictions on cell attachment, they suggested that the dimensionless mean 
bond number and the variance were functions of the dimensionless dissociation constant and 
the dimensionless attachment time. To achieve an optima) attachment efficiency, they 
predicted, the different parameters could be manipulated so that a maximal dimensionless
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mean bond number with minimal variance of the bond number distribution would be obtained. 
As for cell detachment, they calculated the changes of probability density function with time 
at different shear forces. The fraction of cells which remained adhered to the adhesion surface 
was also measured as the area under the probability density functions. They suggested that 
different trends could be observed. When the shear effect was small, the distribution of 
probability density function would become narrow from the initial broad distribution. When 
this was the case, the fraction of cells remaining adhered to the adhesion would first decrease 
but then stay fairly stable afterwards. On the other hand, when a large shear force was present, 
the adhered cells would be totally detached in a short time, as the fraction of cells remaining 
adhered to the surface decreased to zero with time. These cell detachment predictions were 
suggested to be consistent with the experimental observations [Cozens-RobensciaL. 1990c], 
Basically the adhesion state and the probabilistic models are identical. They use the similar 
equations and have the identical concept, only the probabilistic model is a special case of the 
adhesion state model. In the adhesion state model, the immobilized ligand density may 
change with cell adhesion. While in the probabilistic model, only the receptor limiting case 
is considered by having a constant immobilized ligand density. The similarity between the 
two models can be observed by the mathematic equations for cell attachment and detachment:
1) for the adhesion state model:
- for cell attachment
-U  -  n im  -  1.0 + (i + W  /(i + 1.0
(l ib)
- for cell detachment under shear
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2) for the probabilistic model: 
- for cell attachment
dPAt )  a
= * X (* r  * <c  "  1 >^<e ->,+ W  + 1 )PIC. „
- * X (« r-C V c -*,CPc (58a)
• for cell detachment under shear
4 /
(58b)
Identical solutions and model predictions are to be expected. However, different model 
predictions were obtained, especially for cell detachment. In the adhesion state model, the 
cell detachment patterns were similar, only the detachment rates were different under different 
shear stresses. On the other hand, the probabilistic model suggested different detachment 
patterns under different shear forces. There might be a discrepancy or discrepancies in the 
either model.
A careful comparison between the two models was performed. The conclusion was that 
the mathematic equation for cell attachment distribution shown by Cozens-Roberts cl aL 
(1990], could be erroneous, and this erroneous equation then caused all the model predictions 
to be incorrect. However, since the derivation procedure by Cozens-Roberts Cl aL. was not 
included in their publication, the possible miscalculation step can not be identified. Here, 
several approaches are made to support the suggestion of the erroneous derivation by 
Cozens-Roberts et al
When shown in a normalized form, the adhesion state model gives the mean and variance
as:
<9>=(1 - e x p K l  +*>r]V(l +*) (6io)
and




The ma the malic equation for the dimensionless mean bond number is the same for the 
probabilistic model (Eqns. 60a & 61a). However, the variances are different by a factor of 
1 In, the inverse of number of receptors (Eqns. 60b & 61b). A discrepancy may exist in the 
derivation, either in the adhesion state or the probabilistic model.
One way to check the expression of variance is through the use of the discrete model, which 
is the same for both models. A 60 receptor number is then used. Figure 4-16 shows the 
results of the calculation, which indicates similar shapes of variance with a sixty Told increase 
the probabilistic model than by the discrete model. Furthermore, the variance by the adhesion 
state model is exactly the same as that by the discrete model. Recall that 60 was the receptor 
number used and the difference of the variance expressions was an inverse of the receptor 
number. This concludes that the equation for variance from the probabilistic model by 
Corens-Roberts d  aL, [1990b) is in error by the coefficient of 1/n, the inverse of receptor 
number.
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Figure 4-16. Variance Comparison for Cell Attachment
The comparison of variance for cel I attachment study. Figure: result from the probabilistic 
model; Insert: result from the discrete model and the adhesion state model. The parameters 
are:
kjNL̂ Q.l m in', *“=0.02  min *. n=60.
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The next step is to examine the effect by the erroneous variance miscalculation on the model 
predictions. For cell attachment, with the inflated variance, the model predictions by 
Cozens-Roberts cl al , [ 1990b] on the fraction of cells adhered to an adhesion surface was 
incorrect, even though the calculation of dimensionless mean bond number was correct. For 
cell detachment, since an erroneous initial condition was used, the results from the model 
predictions are questionable.
The initial condition used by Cozens-Roberts & gL. was a lognormal distribution with 
< 0  >=0.84 and o*=0.!3. Notice that the correct variance should be 0.13 divided by the 
number of receptors, 250 in their case. The probability density function of the lognormal 
distribution is [Hogg and Craig, 1978]
For 6=0.84 and ffMJ.13, we will get p=-0.2463 and oM). 14389. Figure 4-17 shows a
comparison between normal and lognormal distributions with the mean and variance as 0.84 
and 0.13, respectively. Notice that pan of the distribution was beyond x = 1. In order to 
keep the surface area under the curve to be one, the probability density function was further 
normalized in their calculation. This, however, will change the values of the mean and 
variance, but was not considered by their calculation. This shift of mean, as it will turn out, 
will contribute to the incorrect conclusions on cell detachment made by Cozens-Roberts, & 
aL
(62a)
with the mean and the variance
(62b)
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Figure 4-17. Normal and Lognormal Distributions
The comparison between normal and lognormal distributions. The mean and variance 
are set as 0.84 and 0.13, respectively.
To discern the possible effects caused by the different approximation methods used by 
Cozens-Roberts et al., and this work, a discrete model is used to examine the effects on model 
predictions by the erroneous variance. In this calculation, the receptor number of 60 is still 
used. Figure 4-18 shows the transient dimensionless bond number distribution under different 
shear effects using the erroneous variance by Cozens-Roberts cl At- Notice that in the three 
cases shown in Fig. 4-18, the distribution quickly shift from the original broad curve into a 
narrow one soon after the onset of cell detachment. Accompanying is a sudden decrease of 
the fractions of remaining cells, which become fairly stable afterward, as indicated in Figure 
4-19. The mean bond numbers , on the other hand, have a sharp increase initially and then 
become constant. These observations are similar to that obtained by Cozens-Roberts et al , 
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Figure 4-18. Cell Detachment by Probabilistic Model (1)
The cell bond number distribution for cell detachment with different fluid force effects 
by probabilistic model solving by discrete model method. The initial condition is set as 
a lognormal distribution with the mean and variance set by Cozens-Roberts & aL, [ 1990b 1. 
The parameters are:
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Figure 4*19. Cell Detachment by Probabilistic Model (2)
The cell release (a) and the change of mean bond number (b) for cell detachment by the 
probabilistic model solving by the discrete model method. The initial condition is set as 
a lognormal distribution with the mean and variance set by Cozens-Roberts £1 aL 11990b). 
All parameters are the same as in Figure 4-18.
The Finite element method developed in this chapter is introduced to repeat the model 
predictions of cell detachment by Cozens-Roberts cl &L. [1991b] using their erroneous initial 
distribution. The purpose is to show that their incorrect model predictions were solely caused 
by the erroneous initial condition, and has no correlation with the approximation method 
used. Once the finite element method is proved to give the same result as the method used 
by Cozens-Roberts £1 al , it can then be applied to obtain the correct solution for their model 
predictions. In the calculation, the same receptor number, 250, used by Cozens-Roberts & 
al.. is used Figure 4-20 shows the identical incorrect model predictions for cell detachment 
as Cozens-Roberts £l al A_s similar to their observations, when the shear force is low, the
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dimensionkss bond number distribution moves from the initial broad distribution to a narrow 
one. At the same time, the area under the probability density function (fraction of remaining 
cells) decreases a little initially and then reaches a relatively stable value, as shown in Figure 
4-21. On the other hand, when a large shear force is present, the band narrowing do not 
occur, and the area under the probability density function continues to decrease to zero.
115
—  0 min
  1.25 min
 2 .5  m in
—  5 min











0.0 0.40.2 0.6 0.8 1.0
Dimanaionlaaa Bond Num baf, 0
Figure 4*20. Cell Detachment by Probabilistic Model (3)
The cell bond number distribution for cell detachment with different fluid force effects 
by the probabilistic model solving by the finite element method. The initial condition is 
set as a lognormal distribution with the mean and variance set by Cozens-Roberts cl aL. 
[1990b], The parameters are:
kfNL̂ ) J  min'1, *,0=O.O2 min'1, n=250. a ’ is the dimensionless force per bond.
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Figure 4-21. Cell Detachment by Probabilistic Model (4)
The cell release (a) and mean bond number change (b) for cell detachment by the 
probabilistic model solving by the finite element method. The initial condition is set as 
a lognormal distribution with the mean and variance set by Cozens-Roberts&aL, [1990b], 
AH parameters are the same as in Figure 4-20.
As mentioned previously, these incorrect mode) predictions stem from the erroneous 
variance for the initial distribution. One more piece of evidence to prove this suggestion is 
to apply the erroneous initial distribution for cell attachment, and apply no shear force and 
no cell release. If the assigned initial distribution is or near the steady state, the bond number 
distribution will not change much, if any, after the onset of cell attachment calculation. On 
the other hand, if the assigned initial distribution is not the steady state, a significant change 
of the distribution will be expected. Figure 4-22 shows the calculation result of cell attachment 
from the erroneous initial condition by the finite element method. After the onset of celt
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attachment, the dimension less bond number distribution quickly moves and forms a new and 
much narrow distribution. This indicates that the initial condition is far away from the steady 
state that it is supposed to.
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Figure 4-22. Cell Attachment Test of Probabilistic Model
The cell attachment test for the erroneous initial distribution of the probabilistic model.
The initial condition is set as a lognormal distribution with the mean and variance set by
Cozens-Roberts si aL. [1990b], All parameters are the same as in Figure 4-20.
Figure 4-23 shows the model predictions for cell detachment using the probabilistic model 
with the correct initial conditions. From Fig. 4-23. the dimensionless bond number 
distribution shifts to a lower val ue and the variance increases after the onset of cel I detachment. 
Accompanying is a gradual decrease of the area under the curves, indicating a continuous 
cell detachment. This cell detachment wily stops when the area becomes 0. This cell 
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Figure 4-23. Cell Detachment of Probabilistic Model (5)
The cell detachment calculation for the probabilistic model with the correct initial 
conditions: (a) starting from the steady state distribution of cell attachment and (b) starting 
from a dimensionless attachment time of 2. All parameters are the same as in Figure 
4-20.
In summary, the probabilistic model, proposed by Cozens-Roberts & aL. (1991b). is a 
special case of the adhesion state model. Both have the ability to describe the transient cell 
attachment cm1 detachment. The adhesion state model, however, describes cell adhesion from 
a kinetic point of view, while the probabilistic model uses a probability term. With the 
identical model equations, the model predictions are the same. Due to an erroneous calculation 
by Cozens-Roberts & aL. their model predictions were inconsistent with that from the 
adhesion state model. The correct model predictions are found to be identical for both models.
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4.6.4 Com parison to Experim ent
It is difficult to compare the model predictions of the adhesion state model to the existing 
experimental data from the literature on a quantitative basis. The various parameters involved 
in the adhesion state model have been determined in different experiments for different systems, 
but there have not been a single experiment which provided all the parameters that can be used 
for the comparison. This is not. however, to say that the applicability of the adhesion state model 
can not be supported by the experimental observations. The model predictions for cell attachment 
or detachment by the adhesion state model are found to be qualitatively consistent with the 
experimental observations. The following is a comparison between the model predictions and 
the experimental observations:
On cell attachment, the adhesion state model predicts a distribution pattern dictated by the cell 
membrane mobility, receptor density, immobilized ligand density and the affinity between ligand 
and receptor. An increase in the ligand density or the ligand-receptor affinity, not only can 
strengthen the cell adhesion to the ligand-coated surface, but also can reduce the time needed for 
cell adhesion [Edelman & aL, 1971; Umbriet and Roseman, 1975; Weigel aaL. 1979; Jarrell a  
aL. 1986; Lotz & aL. 1989]. When the immobilized ligands are much more than the receptors 
in the contact area, the cell adhesiveness increases at a fast rate at the onset of cell attachment. 
Followed is a decrease of the cell adhesiveness increase, and the cell adhesiveness eventually 
reaches a steady state. When the immobilized ligands are limiting in the contact area, on the 
other hand, the increase of cell adhesiveness is extremely slow, causing a lag lime for cells to 
adhere. A threshold concentration may also exist, under which the cell adhesion force between 
the adhered cells and the adhesion surface will be too weak to have any cells adhered [Weigel 
el aL. 1979; Truskey and Pirone. 1990],
The adhesion state model also predicts a distribution pattern for cell detachment. The cell 
detachment rate is a function of the immobilized ligand density and the shear force exerted on 
the adhered cells [Mohandas & aL. 1974; Mege el aL, 1986; Truskey and Pirone 1990]. When 
the shear force is small, none or very few adhered cells will become detached [Cozens-Roberts 
H aL. 1990a; Truskey and Pirone, 1990], As the shear force increases, a higher rate of cell 
detachment can be observed. Under the assumption that cells may have a distribution of surface
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receptor densities, even if the distribution is narrow, a fast rate of cell detachment can be observed 
at the onset of cell detachment. This cell detachment then will gradually slow down and a 
relatively stable state can be observed [Mohandas a  aL. 1974; Cozens-Roberts & aL. 1990c; 
Truskey and Pirone, 1990). This phenomenon, however, only appears when the shear force is 
under a certain level. When there is a greater shear force present, a total loss of adhered cells 
will occur. When this happens, there is a sharp decrease of remaining adhered cells at the onset 
of cell detachment and the cell detachment rate will gradually slow down until all the cells are 
detached. This cell detachment pattern is predicted by the adhesion state model with mixed 
classes of receptors in the cell population.
4.7 Discussion
This chapter described the development of the solution methods for the adhesion state model and 
the investigation of the effects of various parameters on cell attachment and detachment using the 
adhesion state model. Through the development of the solution methods, a significant reduction of 
computational time was obtained. A cell adhesion study on a quantitatively reasonable scale was 
thus possible.
For cell attachment, analytical solutions were obtained after some modifications. The model 
prediction suggested that the cell adhesiveness fora cell population to a ligand-coated surface would 
be a function of receptor density, ligand density, and the ligand-receptor affinity. An increase of 
ligand density or the ligand-receptor affinity, not only could increase the cell adhesiveness but also 
could shorten the time needed for cell attachment. The model prediction also suggested a two-phase 
pattern for the increase of cell adhesiveness. At the beginning of cell attachment, there would be a 
fast increase of cell adhesiveness. This increase rate, however, would gradually slow down to 0, and 
a steady slate of cell adhesion would be reached. When there was a low ligand density in the adhesion 
surface, the model prediction suggested that a lag time might exist, and a threshold concentration 
could also appear. These model predictions were found to be similar to that found in the experimental 
observations cited in the literature.
For cell detachment, the adhesion state model was solved by the introduction of the cell flux concept 
and the use of the finite element method. The model prediction suggested that the rate of detachment 
would depend on fluid hydrodynamic force and the number of ligand-receplor bonds between the
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adhered cells and the adhesion surface. The cell detachment was predicted as a continuous process 
and a function of shear forces. At low shear force, no or low rate of detachment was predicted. When 
cells were assumed to be composed of mixed classes with different levels of receptors, the model 
prediction suggested that the detachment would show a fast detachment rate in the beginning and a 
relatively stable state in the end. However, if there was a strong shear force, a total detachment with 
a sharp decrease of adhered cells after the onset of detachment could be expected. These model 
predictions were also found to be consistent with the experimental observations.
When compared to the other two models developed for cell adhesion, the adhesion state model 
was found to be more capable of predicting the transient cell adhesion dynamics and to allow for a 
broad range of adhesion study. The model predictions on the effects of various parameters on cell 
attachment or detachment by the adhesion state model were similar to those by the deterministic 
model, but the deterministic model failed to give correct predictions on transient cell adhesion 
patterns. The model predictions by the probabilistic model are identical to that by the adhesion state 
model because of the same model equations used. In fact, the probabilistic model is a special case 
of the adhesion state model. The mathematic development by Cozens-Roberts & al., [ 1990b] for the 
probabilistic model was found to be erroneous, and their model predictions were incorrect. A 
corrected model prediction was presented.
4.8 Nom enclature
A contact area (area)
a cell radius (length)
CL immobilized ligand density (amount/area)
d, rate constant for formation of immobilized ligand-receptor encounter complex (area/lime)
d rate constant for breakup of immobilized ligand-receptor encounter complex (1/time)
Dm receptor membrane diffusion coefficient (area/time)
f(i,l) fraction of cells at the i** adhesion state
{/} vector of f(i,l)
Ft total hydrodynamic force exerted on cell
number of ligand-receptor bonds
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k dimension less dissociation constant
kt Boltzman constant
k4 external mass transfer rate constant (1 Aime)
k° forward reaction rate Tor ligarvd-receptor bond (probabilistic model)
k° reverse reaction rate for ligandreceptor bond (probabilistic model)
Jkr specific cell release rate ( 1/lime)
k* dimensionless term of cell release rate
k'  apparent rate constant for immobilized ligand-receptor bond formation (area/time)
k apparent rate constant for immobilized ligand-receptor bond breakup (1 Aime)
k, intrinsic reaction rate constant for formation of immobilized ligand-receptor bond ( 1/time)




n total number of receptors in contact area
nt maximum number of ligand-receptor bonds in contact area
nL number of ligand in contact area
N(i,t) number of cells in an adhesion state with i immobilized ligand-receptor bonds
Nl immobilized ligand density (probabilistic model)
S x(x) left end element nodal coordinator for finite element method
N / x ) right end element nodal coordinator for finite element method
p probability for binomial distribution
PCU) probability density function for the probabilistic model
pL probability for binomial distribution when ligands are limiting
ql dimensionless cell flux leaving the i* adhesion state through bond formation
q~ dimensionless cell flux leaving the i* adhesion state through bond breakup
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Q, dimensionless net cell flux leaving from the (i -  1 )* to i* adhesion state
r ’ specific rate at which a cell enters state Nt by the formation of an immobilized
ligand-receptor bond ( 1/lime)
r, specific rate at which a cell leaves stated, by the breakup of an immobilized ligand-receptor
bond ( 1/time)
R receptor
RT receptor number (probabilistic model)
[X) matrix of specific rates for eigenvalue method calculation
r( encounter complex radius (length)




[ U ' 1 ] eigenrow matrix
v characteristic fluid velocity near surface (length/time)
a  dimensionless force exerted on adhered cells
P fraction of surface of adhered cell that lies in contact area
Y characteristic bond length (length)
rO i,t) generating function
T) fluid viscosity
4(i) fraction of adhered cells
6 mean of a distribution
\  eigenvalue
p dummy variable for generating function method, a calculation parameter for lognormal
distribution
cri variance of a distribution





SPEC IFIC  CELL ADHESION IN TH E PRESENCE O F SOLUBLE LIGANDS
5.1 Introduction
In this chapter, ihe kinetics of specific cell adhesion in the presence of both sol able and immobilized 
ligands is investigated using the adhesion state model. A solution method is developed for the 
adhesion state model, and its development sig n ifican tly  reduces the computational time and increases 
the feasibility of using the adhesion state model in quantitative studies. The effects of soluble 
competing ligands and fluid shear forces on cell detachment are examined. The model predictions 
are found to be consistent with the experimental observations cited in literature. The feasibility of 
selective cell release from a cell mixture using soluble ligands and fluid shear is examined through 
the adhesion stale model. The model predictions suggests this cell separation is possible with a 
proper control of the operation conditions.
One significant application of specific cell adhesion is cell separation, which is desirable in many 
bioprocesses. Cell separation can be achieved by exploiting the macroscopic or microscopic 
differences in physical properties among cell populations. The macroscopic properties that can be 
utilized for cell separation include size, density and electric charges or cells. Applying the 
macroscopic properties may be adequate in cell separation when the cell populations have distinct 
physical differences, but is often inadequate or requires tedious separation procedures when the cell 
populations are similar in their macroscopic properties. On the other hand, the physical differences 
in the microscopic properties among cell populations, such as specific cell adhesion and flocculating 
properties, are usually sufficient to allow adequate cell separation. Specific cell adhesion is an 
interaction between the cell membrane receptors and their unique complementary ligands on other 
surfaces, which can be other cells’ membrane or a biomaterial. Different cells are known to possess 
different types of receptors, and express different affinities to different ligands. This difference in 
adhesion property has been utilized for cell separation in cell affinity chromatography (CAC). In 
CAC, the chromatographic packing is modified by covalently attaching certain type of ligands, so 
that when a cell mixture flow through the column, only the cells with complementary receptors are 
retained in the column, while others will just flow through the column. The adhered cells are then 
eluted by passing a soluble competing ligand solution through the column. This cell separation
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technique has been successfully applied to separate lymphocyte subpoputations [Hertz f l  aL  1985; 
Berenson a  aL. 1986; Braun and Kumel, 1986], bone marrow cells [Nicola d  aL. 1978], and tissue 
culture cells [Kinzel daL . 1977], It also has been used to isolate mutants with altered surface receptor 
expressions [Ferenci and Lee, 1982; Clunc d  &L 1984] and to monitor the population balances in a 
mixed culture system [Boos and Hjortsp, 1989].
The kinetics of specific cell adhesion has been attracting intensive interest. The parameters affecting 
specific cell adhesion, including the immobilized and soluble ligand densities, shear force rate, 
ligand-receptor affinity, and temperature, have been studied experimentally [Kinzel d  &L> 1977; 
Nicola d  &L. 1978; Basch d  &L. 1983; Hertz gj gL, 1985]. In these studies, cells were allowed to 
adhere to ligand-coaled surfaces under well defined conditions and soluble ligands were then 
introduced to elute the adhered cells. The fractions of cells remained adhered or eluted were compared 
and the effects of various parameters were examined. It was found that mouse bone marrow cells 
could be frac donated into subpopulations with different surface immunoglobulin densities by 
changing the soluble ligand densities and the fluid shear forces INicolaet al.. 1978], This experimental 
finding provided a method to differentiate cells with similar macroscopic but different microscopic 
properties. This cell fractionation would otherwise be difficult, or even impossible if only the 
macroscopic differences were to be applied.
Recently, Roos [1989] proposed an adhesion stale model for description of the kinetics of specific 
cell adhesion in the presence of both immobilized and soluble ligands. In the model, celts were 
assumed to be in different adhesion slates which were defined as the numbers of ligand-receptor 
bonds between the cells and the immobilized or soluble ligands. With the assumption that the 
formation of ligand-receptor bonds is reversible, cells could then move from state to state in the 
model as the ligand-receptor bond form or break. The parameters for the formation or breakup of 
ligand-receptor bonds were included as the specific rate constants in the model, and their effects on 
cell attachment or detachment could be determined. The population balance equations each 
representing the cell numbers in one adhesion state were derived to obtain the distribution of cells 
in the adhesion states. These population balance equations were coupled ordinary differential 
equations, and to obtain the solution through the traditional numerical methods, such as Runge-Kutta 
integration, was found to be a tedious task. To avoid the time-consuming calculation, Roos elected
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small receptor numbers for model predictions. The effects of different operating parameters on cell 
adhesion were studied with such simplification. With the further simplifying assumption that shear 
force effects could be ignored and that cell movement between the adhesion states was much less 
rapid than the cell release rale from the system, Roos also proposed a quasi-steady state model for 
the cell adhesion model. His model predictions suggested that, by changing the soluble ligand 
concentrations, selective cell release could be achieved, and the desired cell populations from a 
mixture could be enriched.
This chapter describes the development an efficient solution method for the adhesion state model 
which allows the model to be applied to a quantitative study of cell adhesion. With the introduction 
of the cell flux concept, the coupled differential equations derived from the adhesion state model are 
transformed into a two-dimensional second order partial differential equation with a triangular 
domain. The finite element method is then used to obtain the approximate solution to this PDE. 
With the development of this solution method, the cell adhesion state model can be solved with much 
less computational time than needed by traditional numerical methods, such as Runge-Kutta 
integration. The development of the solution method and the computer programming techniques 
developed are presented. The model predictions are found to be consistent with the experimental 
observations cited in the literature. This leads to the suggestion that the adhesion state model may 
be adequate in describing cell adhesion. After model simulation, selective cell release is found to 
be feasible by properly selecting the operating parameters.
5.2 Adhesion State Model and Specific R ate Constants
When cells are in contact with both immobilized and soluble ligands, cells will have their surface 
membrane receptors either free, or bound by either immobilized or soluble ligands. The distribution 
of ligand-receptor bonds between the cells and the immobilized and soluble ligands is expected to 
be affected by the same parameters that control the formation or breakup of ligand-receptor bonds, 
such as the cell receptor numbers in the contact area, the immobilized and soluble ligand densities, 
and the affinities between the receptors and the ligands. The adhesion state model was proposed by 
Roos [ 1989] to describe the kinetics of cel I adhesion for such scenario. In the model, cells are assumed 
to distributed in different adhesion states, which are defined as the numbers of ligand-receptor bonds
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between the cells and the immobilized and soluble ligands. With the assumption that the formation 
of ligand-receptor bonds is reversible, cells can thus move from state to state as bonds form or break. 
Figure 5-1 illustrates the cell adhesion states in the adhesion state model.
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Figure 5-1. Schematics of Cell Adhesion States
Adhesion states for cells in the presence of both immobilized and soluble ligands. The adhesion 
state is shown in a two-dimensional subscript as indicated by the numbers of ligand-receptor 
bonds between the cells and the immobilized and the soluble ligands, respectively.
A population balance for cells in the i, j adhesion state, or cells with i bonds with immobilized 
ligands and j bonds with soluble ligands, in the contact area. A, can be shown to be: 
l . f o r 0 < i + y < n , i * 0 , and * 0
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where /V,, is the number celts in the i, j adhesion stale; n is ihe number of receptors in the contact
area; r,^ and rt l are the specific rates for cells entering the i* state through the formation of 
immobilized ligand-receptor bonds and leaving the i-  state through breakup, respectively; f  ‘t and 
f\ t are the specific rates entering the j*  through the formation of soluble ligand-receptor bonds and 
leaving the i“ state through breakup, respectively.
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A cell removal rale constant k, is added to the adhesion states with i = 0. This term is included to
describe the cell removal rate from the states that with no immobilized ligand-receptor bonds between 
the cells and the ligand-coated surface. In this work, cells are assumed to diffuse away from the 
surface and be carried out of the system once they are detached. In other words, a "perfect sink" is 
assumed for cell detachment. The rate of cells leaving the system is thus proportional to the number 
of freely suspended celts, and can be found as:
where Nf is the number of cells released from the ligand-coated surface.
The specific rate for cells entering the i.j state through the formation of immobilized ligand-receptor 
bonds is proportional to the apparent rate constant for the formation of immobilized ligand-receptor 
bonds, the numbers of unbound immobilized ligands and the unbound receptors in the contact area, 
and is represented as:
where it* is the apparent rate constant; CL is the immobilized ligand density; A is the contact area;
and n is the number of receptors in the contact area.
The specific rate for celts leaving the i, j state through the breakup of immobilized ligand-receptor 
bonds is a function of the apparent rate constant for the breakup of immobilized ligand-receptor 
bonds, and the number of immobilized ligand-receptor bonds. If the cells are subjected to a shear 
field, the effect of stress on the breakup rate is included. Thus
where k is the apparent rate constant for the breakup of immobilized ligand-receptor bonds; y is the
characteristic length of ligand-receptor bonds; Fr is the total force exerted on the bonds; is the 





The formation of ligand-receptor bonds is usually assumed to be a two-step process [Bell, 1979; 
DeUsi, 1980, Lauffen burger and DeLisi, 1983]. The first step is the formation of encounter 
complexes, in which the cell receptors move close to the ligands and are in a position to form 
ligand-receptor bonds or break away. This is followed by the formation of ligand-receptor bonds. 
Notice that the two steps arc assumed to be reversible, and the concentration of encounter complexes 
is often considered much smaller than that of the reactants and assumed to be constant. With these 
assumptions, the apparent rate constants for the formation and breakup of immobilized 
ligand-receptor bonds are
d X  d k
k = k ^ d ' m * k = k ^ d  <5)
where kt and k are the intrinsic rate constants for the formation and breakup of immobilized
ligand-receptor bonds, respectively; dt and d are the diffusive rate constants for the formation and 
breakup of encounter complexes.





d -  - - ?  (6b)
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where Dm is the receptor membrane diffusion coefficient, sc is the radius of encounter complexes,
and j ,  is the mean separation radius between the unbound immobilized ligands.
Stoke’s flow is used to describe the shear forces exerted on the adhered cells:
Ft = 6rrr|a v (7)
where r| is the fluid viscosity, a is the cell radius, and v is the characteristic velocity of the surrounding 
moving fluid.
132
The specific rate of cells entering the i, j state through the formation of soluble ligand-receptor 
bonds is assumed to proportional to the soluble ligand concentration and the apparent rate constant 
for the formation of soluble ligand-receptor bonds. In this work, the soluble ligands are assumed to
be excessive, and the concentration of soluble ligands is assumed constant. The specific rate is thus
C , = f*C (8 )
where k" is the apparent rate constant for the formation of soluble ligand-receptor bonds; and C is
the soluble ligand concentration.
The specific rate of cells entering the i.j state through the breakup of soluble ligand-receptor bonds 
is assumed to depend on the apparent rate constant for the breakup of soluble ligand-receptor bonds 
and the number of soluble ligand-receptor bonds. The mathematical expression is
= * J  (9)
where k is the apparent rate constant for the breakup of soluble ligand-receptor bonds.
The two-step assumption with the intermediate encounter complexes at constant concentration is 
also used in describing the mechanism for the formation of soluble ligand-receptor bonds. The 
apparent rate constants for the formation and breakup of soluble ligand-receptor bonds are expressed 
as [Roos. 1989]:
f . k ii * = — ^  and £ — 'jL. (10)
+ dtj + k,
where if, and k are the intrinsic rate constants for the formation and breakup of soluble ligand-receptor
bonds; d'tJ and are the rate constants for the formation and breakup of encounter complexes 
between receptors and soluble ligands.
The rate constants of the formation and breakup of encounter complexes, and cl, r  are derived
from the fluxes of soluble ligands move to form or break away from encounter complexes [Roos, 
1989). A probability, P, is used to describe the action of a ligand to have an effective collision before 
diffusing away [DeLisi, 1980]
P --— ——Nst + IU I
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where N = (n - i  -  j  -  1)/p. the number of unbound receptors on the cell membrane with p is the 
surface fraction of the adhered cell that is the contact area.
The rate constant for the formation of soluble ligand-receptor bonds is derived as a function of the 
diffusion coefficient of soluble ligands, the probability of the effective collision, and the number of 
unbound receptors in the contact area, and is shown to be [Roos, 1989)
/  S'd ' , - 4iujD ( n - i - y  + 1) ( llo )A/S. + no
The rate constant for the breakup of the encounter complexes are evaluated by the fluxes of soluble 
ligands out of encounter complexes, and has been derived as [Roos, 1989)
itaj- 3 D
NSr +na (lib )
In both equations, D is the diffusion coefficient of soluble ligands in solution; and N = ( n ~ i - j  -  iyp, 
the number of unbound receptors on the cell membrane with p, the surface fraction of the adhered 
cell that is the contact area.
The adhesion state model can thus be solved by setting up the coupled ordinary differential equations 
for the adhesion slates (Eqns. la-g). For a cell population with n receptors in the contact area, this 
translates into a set of (l/2)(n+lMn+2}+l coupled linear ODE’s [Roos, 1989). A simple method 
which can be used to solve this system is to use the eigenvalue method. The analytical solution can 
be obtained after the eigenvalues and the eigenvectors are found. First, the variables N, , are arranged 
into a vector, and then, their rate constants are arranged into the corresponding positions in a matrix 
[A ]. Through this rearrangement, the population balance equations ( la-g) can be written in a matrix 
form as
= M ){£)
where {N } -  I N ^ N ^ N ^ ,  ...,/VftJ r 
The vector [jV} can be obtained as
{*}, = ^ ) exp(Xj )[ [ / ']{ * } , r0 
where [t/j, [t/ ‘], and X. are the eigenvectors, eigenrows, and eigenvalues of [A) matrix, respectively.
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Note that a steady state always exists if there is no cells are removed from the system. This can be 
proved mathematically by showing that [A] is a singular matrix if Jtr»O and a zero eigenvalue thus 
exists. The matrix (A) is easily shown to be a singular matrix if *,=0 because for every specific rate 
at any row in the (A) matrix, there is always a corresponding specific rate with opposite sign at the 
next row. By adding up all the columns in matrix (A ), a row of zeros is thus obtained.
The eigenvalue method requires the calculation of eigenvalues from a matrix of size 
[(/> + 1) (« + 2y2 + 111. For cell adhesion study, the use of the eigenvalue method may not be practical 
since cells typically may have up to hundreds of receptors in the contact area for the formation of 
ligand-receptor bonds (Capo £i aL, 1982J. For example, the memory capacity for LSU SNCC IBM 
3090 Supercomputer can only calculate the cell adhesion studies with a maxim um SO receptor number. 
A solution method is thus desirable to increase the application range of the adhesion stale model and 
to reduce the computational time for the calculation.
53  Solution M ethod Development
In this section, the population balance equations (Eqns. 1 a-g) are solved by a continuous 
approximation method and the finite element method. By the introduction of the cell flux concept 
and the continuous approximation method, the discrete variables i, j in the cell adhesion model are 
transformed into continuous forms. The coupled ODE's derived from the cell adhesion model is 
also transformed into a two-dimensional second order partial differential equation with a triangular 
domain. Through the finite element method and Galerkin criterion, the approximate solution to the 
partial differential equation is obtained. With the development of the solution method, the application 
range of the cell adhesion model is extended to a more quantitatively reasonable scale.
53.1 Continuous Approximation
The continuous approx imauon method is used to transform the discrete variables into continuous 
forms by the Taylor's expansion. The application of this method is based on the assumptions 
that the magnitude of the variables are large and the differences between the neighboring numbers 
are small. Thus, the use of Taylor's expansion will not cause large errors This continuous 
approximation method has been widely used in polymerization engineering [Ray and Laurence, 
1977; RheectaL. 1986]. In this study, the large number of cell receptors for cel 1 adhesion studies 
opens the opportunity to utilize the continuous approximation method for the adhesion state
135
mode). When the number of receptors in the contact area is large, the differences between the 
neighboring adhesion states become small andean be represented by the differentia] terms through 
Taylor's expansion. Such transformation then changes the discrete variables in the adhesion 
state model into continuous forms.
Before applying the continuous approximation method to the adhesion state equations, the 
adhesion equations have to be reformulated. Here, the cell flux concept is introduced to describe 
the cell movement in the adhesion states. The cell fluxes are defined as: 
q '}\ cell flux leaving the i, j state through the formation of immobilized ligand-receptor bonds
q, /. cell flux leaving the i, j state through the breakup of immobilized ligand-receptor bonds
4‘, j. cell flux leaving the i, j state through the formation of soluble ligand-receptor bonds
4 , cell flux leaving the i, j state through the breakup of immobilized ligand-receptor bonds
Notice that Q, , represents the net cell flux in the i direction, while t) is the net cell flux in 






Q, /. net cell flux entering the i. j state from the i-1, j state
= «.*




i = 0 . Qt] = (14a)
j =  0 , 0 , . j  =  0  (14 b )
and
i + y = a + 1, Q, + (J, = 0 (imaginary position) (14c)
The end-point value (14c) is at an imaginary / + ) = «  + ! position. This imaginary position is 
introduced to approximate the real end-point value at i + j  = n and is useful in the later derivation. 
The general population balance equation (Eqn. la) can be rewritten as:
= K<i  - O  ~ i.i-*..,>1+ M*.i - 4-.> *.) ’  M.*i-, -<?■,)] (15)
When the number of receptors in the contact area is large, the cell fluxes for bond formation
or breakup in the neighboring states will not differ much. The cell fluxes (12 a-d) can then be
expanded around the i, j state by Taylor’s method to the second derivatives:
, dq *. 1 cPfl' .
t - u - ^ s f + i - g t + o o * )  ('«<•>
066)
C, 06c)
“ d = ( l“ l
Furthermore, the net cell fluxes Q, , hl and Q, t ,, can also be expanded around the i, j position
by Taylor's expansion to the First derivatives:
o , . , ,  = a . J + 2 ^ + 0 ( ' l) (17a)
1
and 0 ,.t ., = d,„ + + 0 0 *) (I?*)
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By plugging Eqns. (16 a-d) and (17 a-b) into Eqn. (IS) and ignoring the higher order terms, 
we get
dN,„ ao„, d d . j
dt di + dj
1 .  i 1 .  ■ *.
2di* 1 ** di
4 | s m ; o » )
A dimensionless form of Eqn. (18) is obtained by introducing x=i/n, y=j/n, and /  = N, J N T.
where NT is the total cell number. The cell fluxes are further represented by the corresponding 
rate constants as:
<y4 = r;iV, q =r,N , = <? = t / i




- £ $ ,<' - + w - ; £ k / ’ - ' w  ( , , )
So far, we have transformed the whole set of population balance equations into a second order, 
two-dimensional differential equation with a triangular domain. The boundary conditions for the 
differential equation are:
, = 0 ,  Q = - k J  
> = 0 , 6 = 0
and r  + y**l,  C + 6 = 0  (20)
5.3.2 The Finite Element M ethod 
The finite element method and Galerkins criterion for two-dimensional partial differential 
equations [Huebner and Thom ton, 1982] are used to solve the continuous form of the adhesion 
state equations. In the Finite element method, the whole domain is divided into small element
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domains as the solution to the whole domain is obtained by summing up the solutions to the 
element domains. In this work, small triangular elements are used. Galerkins criterion, a 
particular method of weighted residuals (MWR), is involved to obtain the approximate solution 
for each triangular element. The MWR is a popular technique for solving linear or non-linear 
partial differential equations. In MWR, an approximate solution, given by a so-called trial 
function, is assumed so that it may satisfy the boundary conditions, but not necessary the 
differential equation. A residual can be obtained when the trial function is substituted into the 
differential equation. The parameters in the trial function are then determined by setting the 
integral of the weighted residual over the domain to be zero. For Galericins criterion, the weighting 
factor is assigned as the trial function.
Recall that small triangular elements are used in this work. Atrial function is elected to represent 
any point inside the triangular element. Figure 5-2 shows the schematics of a point, say (x,, >,), 
in the triangular domain. This trial function is defined as an linear equation of the three nodal 
points:
/* ’(*,. y,) = *,(*,. y j f t  + v  y,V i + yjf*
= iw .< v y ,v ;  (2 i)t ■ i
where /*> is the value at any point in the element, and the variables /  are the values at the
corresponding node points. The variables AT,, A/,, and V, are the coordinates of the triangular 
element and are numbered in a counterclockwise order.
139
Figure 5-2. Schematics of a Three-Node Triangular Element
The nodal coordinates are defined as the natural coordinates of the triangular element as
x = N J X i y ^ + N J X i y l x ^  + N ^ x . y U i  
and y = Nl{x.y)yt + N^x ,y )y2 +Ny{x, y)y,
Also, the sum of the coordinates is defined as 1, so
Ni{x,y) + NJx,y)  + Ni(x.y)= 1 
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*i = ya-y v (246)
with other coefficients obtained by cyclically permuting the subscripts.
The derivatives and integrals with respect to the coordinates over the triangular element are 
used in the calculations of the finite element method and are evaluated here first. The derivatives 
with respect to the coordinates can be easily obtained from Eqns. (23 a-c) as:
ftV, 6, bNt c,
H x ~ 2 A ’ 3 y = 2A , * 1’2' 3 (25)
and also the integrals over the element domain:
(26)
where f>(** is the triangular element domain; and x and y are the mean value of x and y in the 
triangular element domain, respectively.
The line integrals along the boundary elements are often included in the calculation and are 
also evaluated here. Figure 5-3 shows the schematics of typical boundary elements in a domain. 
First, it can be shown that A/j=0 along the boundary 1 —*■ 2, and the value of increases linearly 
from 0 to 1 along the line of 1 —> 2. Thus, a length coordinate S is defined along the boundary 
from node 1 to node 2 as shown in Fig. 5-3. The expressions of the nodal coordinates along 
1 —► 2 can be shown in terms of the length coordinate S as
where /„ is the length between node 1 and node 2.
t
Figure 5-3. Schematics of Typical Boundary Elements
The various integrals along the tine boundary can be evaluated as:
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and (27c)
The expressions of the nodal coordinates N, (x,y),Njix, y), and N^x,y )  and their derivatives and
integrals are obtained. These expressions will be used in the latter calculation.
5.3.3 Application of Galerkins C riterion 
Galerkins criterion is applied to the continuous form of the adhesion state equation (Eqn 19) 
as
a i lnUJ >■
dQ{"  a £ (,>
dx + dy j  = 1.2,3
(28)
where the superscript (e) represents the element domain.
Equation (25) is then evaluated by integration by parts. For the fust term of the LHS, we get 
)<•> r 1
c<*> *1 p*1L
= { 1 ^
dN,
■^dxdy
~ f r dXdy
where n, is the x component of the unit normal to the boundary, and dl?4) is the differentia) arc
length along the boundary. Notice that the first term of the RHS represents the cell (lux across 
the x-axis boundary.
As from Equation (19) on x-axis terms, we know
dx
(19)
and integrate along x, we get 
i a e ('>
^ - o n - . v - o r .
The first term of Eqn. (28) becomes
Following the same mathematical derivation, we will get a similar expression of the second 
term of Eqn, (28) as
Assuming that r*. rm, f*, and f ,  do not differ much in an element, they then can be taken as the 
averages in the element domain. By substituting Eqns. (29 a & b) into Equation (28), we get
The last term of Equation (30) represents the cell flux across the element boundary. In the 
finite element method, only the cell fluxes across the global boundary are evaluated. For cell 
fluxes across the element boundary that are not part of the global boundary, the evaluation can 
be omitted since fora cell flux going out of an element, the same flux is received by the neighboring 





Recall that the global domain is an isosceles triangule with tow sides of length one meeting at 
aright angle. The normal vectors of the global boundary is shown as Figure 5-4. The boundary 
conditions for the boundary elements can be expressed as
-Q «\  x = 0
-Ql‘\ y= o
+ x + y = 1
(31a)
And the boundary conditions for the triangular domain of cell adhesion model
x  =0, =
y = 0, £ (,> = 0
and x + y - 1 ,  C “> + (5(*) = 0 (20)
Thus the boundary conditions are




Figure 5-4. Unit Components of the Triangular Domain
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- t i +i r N>]dx*dy n
+ f  - / ‘W d& ‘> = 0Jjft n J
Now we substitute by the trial function
f ‘\x ,y )  = N,(x, y)fx + N£x,y \ f1 + Ni{x,y'tfi 
= i  N,ix,y\f, = [N it/}"1








i f } w + - V r - r ) i N ) { f } '
ft
( « >
dN.  f a/1 '*»
^ +[n ]n H \  }dxdy
= f  — ) i w i t n “ V i ? '
rt '
(32)
( 2 1 )
(33)
or m matrix notation as
I F . f 'W + I M
where 
F, JJ|r>t*l 1






i aw, i 










and = f  (35c)
The elements in the matrices are evaluated by substituting the expressions of the coordinates 
and their derivatives and integrals derived previously (Eqns. 23-27)
i + O  ̂  -  O  («, + V  + c,y)
tH.) 1
\  h ' [r’ S * I ir’ ~ +1 *’c~y'-
'  44’ I "  0< « .
^ } d rd y
+ ^ 1 c,c/(/;> + r r) + ~c,(i% -  ^ ( a ,  + 6,* +c,y)Jdrrfy
= ~ i  [ + r* >A f ~ bM ‘ -  O  A + *.A* + Ay)
: 4A
+ ̂  c .c /f , + f \ ) \  + ̂  c /7 , -  f \ )  (a, A + b, Ax + c, Ay)]
^ 5 1  bPM* + O + c ,c /( /J + /,;)l + ̂  (fc^r; -  O  + e // ', -  /;)] (a, + f \ i  + c, y)
(36a)
f  (ia, + bs+c,yHa, + b,x+cly)
' , , , = ---------------------- J J -------- jA----------~ 2 A ------
O**! f><*'
“ 4A* /  / ^ ' 0 j +* ° A+ +  (c,<2' +fl‘c^ :y + * V 1+ A + y +
oc
= ^  {a,a A + (a, 6 + ap ,  )Ax + (c,a + a,c/ )Ay + b,b) ^ I  x,1 + 971 j
H e p ,  + 6,^)-^  ̂I  x,y, + 9xy j + c , c , ^ y , 1 + 9y* j }
= 4 ^ (a*°/+ <aA  + °A** + (c.^j+ a,c ,)y + -[2 ( + 9^ )
+ (c ^  + bs,)  ̂  ̂  + 9__ j  + y >  971]} (366)
and
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y . l .  . = - /  'V ',
A /  A /  A /  A /  U I U  M f l
Ov.VV /V,Â  MiV/
w  m  N / t j ^
(36c)
1̂ 0 0 o j
The elemem matrix equation (34) is further rearranged and is shown ir. the form of
(37)
where [F](,) is the combined element matrix.
Notice that for each clement, there are three coupled element equations (37). Furthermore, 
each element also is coupled with the neighboring elements by two element equations. The global 
equation is then obtained by summing up all the element equations from every element, and is 
shown as:
The final global matrix (38) is thus composed of coupled linear equations. This can be solved 
by either Runge-Kutta integration or the eigenvalue method. Runge-Kutta integration is simple 
to use but requires a long computational time. On the other hand, the eigenvalue method possesses 
the advantage of shorter computational lime, but needs a large memory space for the [F ] matrix. 
When a large number of elements is used, the memory space required for computation then poses 
a problem for the calculation. For example, with N partitions for each axis, there will be N1 
elements and (N+1 )(N+2)/2 nodal points. This results in a size of (N+l)(N+2)/2 x (N+l)(N+2)/2 
for the [F] matrix in Equation (38). A tremendous storage capacity is required, and even the 
LSU SNCC 3090 Supercomputer can only handle up to 50 partitions for each axis.
One way to reduce the memory space for calculation is to expand the differential term of time 
by the finite difference method [Huebner and Thornton, 1982], By expanding the differential 




d t ) , ~  A t
(39)
where 8 is a vanable Tor the calculation of the finite difference method. A selection of 1/2 for 8 
is called Crank-Nicolson method, and a unconditional stability of calculation can be obtained 
[Reddy, 1984], When this algorithm is used, the element equation (34) is transformed into:
which is a recurrence relation. Since the calculation only involves the non-zero components in 
the [F] matrix, the banded matrix method can be applied to reduce the size of the matrix.
After the values at nodal points are obtained either by the eigenvalue method or the recurrence 
relation, the fraction of cells remained in the system is computed from the sum of the volume 
for the triangular elements and is shown as
and the fraction of cells released = 1 -(total volume (t)/ total volume (t=0))
5.4 Com puting Algorithm and Program m ing Technique 
Some computer programming techniques are necessary to utilize the finite element method. First, 
the domain of the cell adhesion model is divided into small triangular element domains, and the nodal 
points for each element are identified in a counterclockwise order. A proper selection of triangular 
elements and the numbering of elements can significantly reduce the calculation complexity. Recall 
that the domain for the adhesion stale model is an right isosceles triangle with the two sides of length 
one. This domain is divided into small right isosceles triangles for the calculation, as shown in Figure 
5-5. In each element, the nodal points are identified in a counterclockwise order. One simple but 
tedious way to do this is to manually assign the nodal point numbers for each element in the 
counterclockwise order. This is especially tedious when a large number of elements is used. A 
numbering arrangement is developed and is also shown in Figure 5-5. This numbering arrangement
{/}!’♦ * = j^[Fcj<*)+^d/([F)r + [ F , n j  ( y ^ ’- ^ d / a F . r + i F . j ^ j  in;*1
= [F]<*> (/}!*>
By replacing Eqn. (40) into the global equation (38), we gel
t/J.,4 , = l ^ l t / l ,
(40)
(41)
total volume = £  V*'1 = I  -  (fx + + /,)*A (42)
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is useful in that it can be obtained through a simple computing algorithm. This method thus allows 
for computer nodal point numbering with several programming statements. Furthermore, it also 
relieves the tedious and repetitive manual numbering process when different element numbers are 
used. The following is the computing algorithm for the nodal point numbering and is composed of 
two parts. The First is to define the number of nodal points as
1) Define N: number of partitions for calculation,
2) Assign NP= 1: number of nodal point,
3) Count J = N+1 to 1
4) Count 1 = 1 to J,
5) The coordinates XC(NP) = ((N+l) - J)/N,




The nodal points for the triangular elements are then assigned in a counterclockwise order as
1) Define N: number of partitions for calculation,
2) Assign NP = 0: nodal point number
3) Assign NE = 0: element number
4) Count J = N +1 to 1 and I = 1 in J-l,
5) Assign NP = NP+1 and NH = NF.+l
6) The nodal point number in counterclockwise order
Node (NE, 1) = NP 
Node (NE, 2) = NP + 1 
Node (NE, 3) = NP + J,
7) Check if I not equal to J-1 then
a) Assign NE = NE + 1
b) Node (NE, 1) = NP + 1 
Node (NE, 2) = NP + J +1 
Node (NE, 3) = NP + J,
8) Next I,
9) Assign NP = NP +1,
10) Next J.
With this numbering algorithm, the elements along the boundary where cells are released are also 
identified as the odd numbers between 1 and (2N-1), where N is the partition number per axis. In 
these elements along the side that releases cells, the boundary of cell release can also be identified 
by the first two nodal points of the elements. Thus, the element matrix for cell release (Eqn. 36c) 




Figure 5-5. Finite Element Mesh for Adhesion State Model
The numbering of elements and nodal points of the triangular mesh for the cell adhesion model. 
The numbers in the parentheses are for the numbering of elements, while other numbers are 
for the numbering of nodal points. The variable N is the partition number for each axis.
Banded matrix arrangement [ESSL, 1989] is useful to reduce the memory space when the recurrence 
relation method (Eqn. 40) is used. If not rearranged, the [F] matrix in Equation (41) has the size of 
(N+l )(N+2)/2 x (N+1 )(N+2)/2. However, it is sparse and has the same upper band and lower band 
width of (2N+1). The components in the [F] matrix can thus be stored in a new banded order so that 
the memory space for storage can be reduced. The corresponding positions between (he (F) and its 
banded form [F ’] are
= +V + 2,i) (42)
This arrangement reduces the matrix size from (N+1)(N+2)/2 x (N+l)(N+2)/2 to (N+lXN+2)/2 x 




F y - i  +N + 2,i)y(i) (43)
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The computer programming flowcharts for the calculation of the finite element method using the 
eigenvalue method and the recurrence relation are shown in Figures 5-6 and 5-7, respectively. The 
computing algorithm for the calculation with the eigenvalue method is shown as:
1. Read in kinetic data information.
2. Compute nodal information.
3. Calculate cell flux constants and for each node
5. Calculate for each element
5.1 coordinates and the integrals
5.2 the element matrices [F,]**’ and [F,]*'1
5.3 impose the boundary matrix [F̂ J**1 for boundary elements.
6. Calculate the initial and the transient detachment distributions:
6.1 calculate the initial steady state distribution by replacing one equation with X V1' 1 = 1 in1 
and applying Gaussian elimination method,
6.2 recalculate the element matrices with the transient operating variables and obtain 
eigenvalues and eigenvectors from the global [F] matrix (Eqn. 38). The transient detachment 
distribution is obtained as
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Figure 5-S. Programming Flowchart of FEM (I)
The computer programming flowchart of the finite element method for the adhesion state 
model using the eigenvalue method.
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Figure 5-7 shows the computer programming flowchart for the finite element method using the 
recurrence relation. The algorithm basically is similar to that using the eigenvalue method. However, 
an assumed distribution is used to calculate the initial steady state distribution. This is obtained when 
a converge of the distribution is reached. The distribution for transient cell detachment is then 
calculated using the new operating conditions.
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Figure 5-7. Programming Flowchart of FEM (II)
The computer programming flowchart of the finite element method for the adhesion stale 
model using the recurrence relation.
The computer programs developed for the finite element method with eigenvalue method and the 
recurrence relation are listed in Appendix. The eigenvalue method has the advantage of much shorter
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computational time compared to that using the recurrence relation. However, it requires a larger 
memory capacity due to the full presentation of [ f j  matrix for the eigenvalue calculation. With the 
memory capacity of LSU SNCC 3090 Supercomputer, the partition number on each axis can only 
up to 50. On the other hand, with the utilization of the banded matrix arrangement, the algorithm 
using the recurrence relation can have up to 100 partitions on each axis. The algorithm with the 
recurrence relation, however, has the advantage of shorter computational time than that with the 
eigenvalue method. This is because of the widely separated eigenvalues and the small lime steps 
needed for the calculation. For instances, the calculations for the examples in this work required a 
lime step of 10 * seconds. A lime scale of 10 minutes for celt detachment with 30 partitions for each 
axis required more than 12 hours of CPU time for LSU SNCC 3090 Supercomputer, compared to 
about 30 minutes for the calculation using the eigenvalue method.
5.5 Model Prediction 
In this section, the results of the finite element method are examined first The approximate solution 
obtained by the finite element method are compared to the solution solved by the discrete model, 
and the criterion for selecting the suitable element numbers are suggested . This is followed by the 
model predictions using the finite element method. The effects of soluble and immobilized ligand 
densities on cell ligand-receptor bond distribution in the adhesion state model are examined. The 
feasibility of selective cell release through the manipulation of the concentration of soluble ligands 
and the shear force exerted on the adhered cells is also studied. Throughout the section, the kinetic 
rate constants and other operaung parameters are obtained from the literature, as shown in Table 5-1.
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Table 5-1. Estimates of Parameter Values
Parameter Symbol Range References
Solution Diffusion 
Coefficient, cm1/ sec
D 10 M O 1 Reid o  gl., 1977
Membrane Diffusional 
Coefficient, cm1/ sec
Dm J O ^ I O 11 Kotyk £{ a l .  1988c
Intrinsic Forward Rate 
Constant, 1/sec
kt or if, Bell, 1978
Intrinsic Reverse Rale 
Constant, 1/sec
k or t 10 5~10* Bell, 1978
Cell Radius, cm a 5x/0 *-5xlO 4
Encounter Complex Radius, 
cm
s. 4x 10 J~2x 10 7 Bell 1978
Immobilized Ligand 
Concentration, Mtcm1
c L 10 “ -10 11 Roos, 1989c
Bond Length, cm y 5*70 * Bell 1978
Fraction of Cell Surface in 
Contact Area
P 0.1 Roos. 1989c
5.5.1 FEM  Approxim ation
The approximation by the finite element method (FEM) to the adhesion state model is examined 
by comparing the calculation results from the discrete model and the finite element method. In 
the FEM, different element numbers are also used. The selection of the proper element number 
for calculation, however, is evaluated by the accuracy of the result and the computational time 
needed. When a low element number is used, the computational time will be significantly 
reduced, but a large error is also expected. On the other hand, the finite element method will 
lose the advantage of short computational time if a large number of elements is selected. The 
choice of element number also changes with the shape of the ligand-receptor bond distribution. 
A steep and narrow bond distribution is expected to require more partitions than a smooth and
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broad shape. In this work, examples are used to provide an indication on the selection of the 
element number. In Figure 5-8, the steady state ligand-receptor bond distributions in the adhesion 
state model at a low soluble ligand concentration predicted by different methods are presented. 
In this case, a steep and narrow peak located at a low soluble ligand-receptor bond number is 
predicted by the discrete model, as shown in Figure 5-Aa. The approximations by the FEM with 
different element numbers as shown in Figure 5-8 (b-d), where a better approximation can be 
observed with the increase of element numbers. The distribution widths calculated by the FEM, 
however, are not as narrow as that by the discrete model. This is caused by the inherent error 
from the derivation of the continuous model. Recall that the rate constants at the nodal points 
of an element were assumed not much different and the average values could be taken to represent 
the rate constants within the element. This assumption will not hold when the rate constants at 
the nodal points in elements are much different An error can be thus expected. As the rate 
constants are very different at the nodal points in the elements for this example, indicated by the 
steep distribution, errors from the continuous approximation are expected.
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Figure 5-8. Steady State Distribution by FEM (1)
The steady state distribution at the soluble ligand concentration of 0.002 M by: (a) the 
discrete model; (b) the FEM with 10 partitions to each axis; (c) the FEM with 15 partitions; 
and (d) the FEM with 20 partitions. The number shown in the contours indicates the 
percentage of cells, The number of receptors is 30. Other parameters are:
D„ = 10 cmVsec, It* = 1.28xI07 sec'1. It = 2.74X101 sec l,
D = 5x11V4 cmVsec. k r = 5.06x1 Of sec1, &. = 1.64x10* sec1, 
a = 10-* cm, sc = 4xl0'*cmi Q  = 10'1’ M/cm1, 
y = SxlO^cm, v = Ocm/sec, T = 310°C.
Figure 5-9 shows the approximations of the continuous model (FEM) to the discrete model at 
a higher soluble ligand concentration. In this example, full peaks are obtained due to the shift 
of the ligand-receptor bond distribution by the increase of the soluble ligand concentration. As
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observed from Fig. 5-9, the approximation of the continuous model improves as the number of 




IS as 300 s 10
30
IS
IS 30 aso s 10
I
s 10 IS ao aso
30
0 s 10 IS 30 30
Figure 5-9. Steady State Distribution by FEM (2)
The steady state distribution at the soluble ligand concentration of 0.02 M by: (a) the 
discrete model; (b) the FEM with 10 partitions to each axis; (c) the FEM with 15 partitions; 
and (d) the FEM with 20 partitions. The number shown in the contours indicates the 
percentage of cells. Other parameters are the same as Figure 5-8.
When a high concentration of soluble ligands is present, the driving force for forming soluble 
ligand-receptor bonds is expected to increase. Therefore a shift towards a higher soluble 
ligand-receptor bond number by the ligand-receptor bond distribution is expected. The 
immobilized ligand-receptor bond number, on the other hand, is expected to decrease, due to the
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competition by the formation of more soluble ligand-receptor bonds. The shift of the 
ligand-receptor bond distribution in the adhesion state model is shown in Figure 5-10, where 
Figure 5-lOa is the model prediction by the discrete model and Figures 5-10 (b-d) are by the 
finite element methods with different partitions. The approximation of the continuous model 
again shows a relatively good fit when an element number of 20 is employed.
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Figure 5-10. Steady State Distribution by FEM (5)
The steady state distribution at the soluble ligand concentration of 0.2 M predicted by: (a) 
the discrete model; (b) the FEM with 10 partitions to each axis; (c) the FEM with 15 
partitions; and (d) the FEM with 20 partitions. The number shown in the contours indicates 
the percentage of cells. Other parameters are the same as Figure 5-8.
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The approximation of the continuous model for transient cell detachment is also examined. In 
this study, cells are assumed to be in a steady state with no shear force presence, and at time 0, 
the surrounding fluid starts moving and causes a stress to the immobilized ligand-receptor bonds. 
The model predictions by the discrete model and the finite element methods with different 
partitions on each axis are shown in Figure 5-11, in which the partition number of 20 is found 
to be suitable for the finite element method. In summary, for the adhesion parameters used in 
the work, using 20 partitions on each axis for the continuous model (FEM) provides a relatively 
good approximation. Notice that a receptor number of 30 is used in the study.
A significant computational time reduction is achieved by the continuous approximation. Recall 
that the matrix size for the eigenvalue calculation is the square of the receptor number or the 
partition number on each axis. Through the use of the finite element method, the size of the 
matrix is reduced from 496 for the discrete model to 231 for the finite element method. This 
changes the computational time from about 10 minutes to 1 minute on LSU SNCC 3090 
Supercomputer when the eigenvalue method is used. If the same ratio is applied to a large 
magnitude of receptor number, the reduction of computation time will be more significant.
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Figure 5-11. Transient Ceil Detachment by FGM
The transient cell detachment predicted by the discrete model and by the FEM 
approximation with 10, 15 and 20 partitions on each axis. The receptor number is 30. 
0=0.02 M and v=0.18 cm/sec. Other parameters are the same as Figure 5-8.
5.5.2 Effects of Soluble and Immobilized Ligands
The adhesiveness of cells adhered to a ligand-coated surface in the presence of soluble ligands 
is expected to be affected by the concentrations of both ligands. When the soluble ligand 
concentration increases, the adhesiveness of adhered cells is expected to decrease since the 
number of immobilized ligand-receptor bonds between the adhered celts and the ligand-coated 
surface will decrease by the competition from the soluble ligands. This scenario can be described 
by the adhesion state model. Figure 5-12 shows the model prediction of the effect of the soluble 
ligand concentration on the steady slate ligand-receptor bond distribution in the adhesion stales. 
When the soluble ligand concentration is low, as shown in the top figure of Fig. 5 -12. cells will 
have most of their receptors bound by the immobilized ligands, resulting in a strong adhesiveness 
between the adhered cells and the adhesion surface. This is indicated by a half peak shown in 
the top figure in Fig. 5-12. As the soluble ligand concentration increases, there will be a 
competition between the immobilized ligands and their soluble counterparts to form
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ligand-receptor bonds. In this stage, the immobilized ligands may still compete with the soluble 
ligands to form ligand-receptor bonds, and the adhesiveness of adhered celts may not be affected 
much. This is indicated by a small change of the immobilized ligand-receptor bond distribution, 
but a significant shift of soluble ligand-receptor bond distribution, as shown in the middle figure 
in Figure 5-12. Notice that the half peak from the case of low soluble ligand concentration has 
changed into a full peak. As the concentration of soluble ligands further increases, the number 
of immobilized ligand-receptor bonds will be further affected and significantly reduced. This 
ligand-receptor bond distribution for the condition is shown in the bottom figure of Figure 5-12. 
In this case, even though the cells are still adhered to the adhesion surface, the adhesiveness is 
expected to be significantly weakened. These model predictions are consistent with the 
experimental observations by Kinzel daL . [1977] and Nicola&cL. [1978]. In their experiments, 
they found that the strongly adhered cells could be eluted by the addition of competing soluble 
ligands.
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C - 0.002 M
Figure 5-12. Soluble Ligand Concentration on Cell Adhesion
The effect of soluble ligand concentration on the steady state ligand-receptor bond 
distribution in the adhesion state model at C= 0.002 M (lop), 0.02 M (middle), and 0.2 M 
(bottom). The receptor number is 60 and the immobilized ligand density is 1x1011 M/cm1. 
Other parameters are the same as Figure 5-8.
On the other hand, an increase of the immobilized ligand density is expected to enhance the 
cell adhesiveness to a ligand-coated surface. Figure 5-13 shows the effect of the immobilized 
ligand density on the steady state ligand-receptor bond distribution in the adhesion states. When 
the immobilized ligand density is low. the number of immobilized ligand-receptor bonds is 
expected to be low, since many of the cell receptors are bound by the soluble ligands. This is 
shown in Figure 5- 13a. As the immobilized ligand density increases, the competitiveness for 
the immobilized ligands to form bonds with the receptors then increases. In this condition, the
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soluble ligands may still can compete with the immobilized ligands, and the number of soluble 
ligand-receptor bonds may not change much. This results in a shift to a higher number of 
immobilized ligand-receptor bonds but only a small change of the number of soluble 
ligand-receptor bonds, as shown in Figure 5-13b. As the immobilized ligand density further 
increases, a significant increase in the number of immobilized ligand receptor bonds is observed. 
Accompanying is a low number of soluble ligand-receptor bonds. The adhesiveness of the 
adhered cells is expected to be significantly enhanced. These model predictions are consistent 
with the experimental observation by Weigel a  aL. 11979], who found that the inhibition of cell 
attachment by soluble ligands could be overcome by a higher density of immobilized ligands.
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Figure 5-13. Immobilized Ligand Density on Cell Adhesion
The effect of immobilized ligand density on the steady state ligand-receptor bond 
distribution in the adhesion state model: (a) CL~ 5x1014 M/cm2, <b) CL= 5x10 M/cm1.,
and (c)CLs  5x1 O'12 M/cm2. The receptor number is 60 and the soluble ligand concentration 
is 0.02 M. Other parameters are the same as Figure 5-8.
5.5.3 Selective Cell Release
The number of receptors on the cell membrane is expected to influence the cell adhesiveness 
to a ligand-coated surface. Cells with a higher expression of receptors on the membrane surface 
provides more opportunities for the immobilized ligands for form immobilized ligand-receptor 
bonds, thus having a stronger adhesiveness to the adhesion surface. Figure 5-14 illustrates the 
effect of the number of receptors in the contact area on transient cell detachment. As the number 
of receptors increases, the adhered cells show a stronger resistance to the shear stress by the
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surrounding moving fluid and have a slower cell detachment rate. This difference in cell 
detachment rates suggests a method for separating different cell populations from a mixture by 
manipulating the soluble ligand concentration and the shear forces exerted on the adhered cells. 
Such idea has been utilized experimentally by Nicola&aL, [1978] and theoretically investigated 
by Rons [1989].
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Figure 5-14. Receptor Number Effect on Cell Detachment
The effect of number of cel I receptors in the contact area on transient cell detachment. The 
receptor numbers are 40, 50, and 60. The soluble ligand concentration is 0.2 M and the 
characteristic fluid velocity is 0.05 cm/sec. Other parameters are the same as Figure 5-8.
In this work, selective release of cells from a mixture is illustrated by the model prediction of 
cell detachment for two different types of cells. The operating parameters to be manipulated are 
the soluble ligand concentration and the shear force exerted on the adhered cells. The two types 
of cel Is are assumed to be only different in the expression of surface receptors .with one population 
having 40 receptors in the contact area and the other having 50. Figure 5-15 depicts the effect 
of soluble ligand concentration on the two types of cells. For cells with fewer receptors on the 
surface, a slight increase of soluble ligand concentration can readily enhance the cell detachment 
process. On the other hand, the same concentration of soluble ligands has less effect on cell 
detachment for the cell population with a higher surface receptor density. Therefore, by properly
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chosing the elution conditions, it is possible to selectively release and enrich the desired cell 
population from a mixture. Figure 5-16 illustrates the purity of eluant from a mixture initially 
composed of the same amount of the two cell populations with different surface receptor densities. 
At a low concentration of soluble ligands, the eluted celts are solely from the population with 
low receptor expression. However, the cell detachment rate is so slow and such operating 
condition may not be practical in real operations. A high soluble ligand concentration, on the 
other hand, will immediately elute both populations and no cell separation can be achieved. The 
intermediate soluble ligand concentrations, 0.15 or 0.2 M as in this example, may effectively 
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Figure 5-15. Soluble Ligand Effect on Cell Detachment
The effect of soluble ligand concentration on the transient cell detachment for the receptor 
number of 40 (top) and 50 (bottom) in the contact area. The soluble ligand concentrations 
are 0.1 M. 0.1S M, 0.2 M, and 0.25 M. The characteristic fluid velocity is 0.05 cm/sec. 
Other parameters are the same as Figure 5-8.
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Figure 5-16. Soluble Ligand Effect on Selective Cell Release
The effect of soluble ligand concentration on selective cell release from a cell mixture 
initially composed of equal amount of cells with 40 and 50 receptors in the contact area. 
The purity indicates the fraction of cell type in the released cells. The parameters are the 
same as Figure 5-15.
The shear force is another operating parameter that can be manipulated to achieve selective 
cell release. Cells with a higher level of receptor expression are expected to form a higher number 
of immobilized ligand-receptor bonds to an adhesion surface. This will result in a stronger 
adhesiveness for the cells. Thus, by properly controlling the fluid shear force exerted on the 
adhered cells, selective cell release can be achieved. Figure 5-17 is an example of the shear force 
effect on cell detachment for different cell populations. The cell population with a higher surface
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receptor density possesses a stronger adhesiveness to the ligand-coated surface, and the 
detachment process is slower and lakes a longer time. This difference in the cell detachment 
processes can be utilized for cell separation. Figure 5-18 shows the purity of eluant from a 
mixture initially composed of two equal amount of populations with different receptor densities. 
As can be observed, an optimal shear force can be found for the selective cell release. The best 
operational scheme is to combine the manipulation of soluble ligand concentration and the shear 
force effects. An existing experimental example of such operation is the separation of mouse 
bone marrow celts [Nicola claL. 1978]. By alternately changing the soluble ligand concentrations 
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Figure 5*17. Shear Force Effect on Cell Detachment
The effect of shear force exerted on the adhered cells on the transient cell detachment for 
the receptor number of 40 (top) and 50 (bottom) in the contact area. The characteristic 
fluid velocities are 0.03,0.04,0.05, and 0.06 cm/sec. The soluble ligand concentration is 
0.2 M. Other parameters are the same as Figure 5-8.
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Figure 5-18. Shear Force Effect on Selective Cell Release
The effect of shear force exerted on the adhered celts cm selective cell release for a cell 
mixture initially composed of equal amount of cells with 40 and 50 receptors in the contact 
area. The purity indicates the fraction of cell type in the released cells. The parameters 
are the same as Figure 5-17.
Three-dimensional or contour plots are used in this work to visualize the changes of the cell 
ligand-receptor bond distribution during the cell selective release process. Figure 5-19 shows 
the three dimensional distribution of ligand-receptor bonds for the cell mixture made of equal 
amount of two populations with the numbers of receptors in the cont*:t area as 40 and 50. 
respectively. The distributions of adhesion stales for the two component populations partially
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overlap, as predicted by the adhesion state model, and the bond number distribution for the cell 
mixture is a single peak. This distribution overlap can also be observed in the contour plots, 
shown in Figure 5-20.
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Figure 5-19. 3-D Illustration for Mixture of Two Populations
Three-dimensional illustration of the ligand-receptor bond distribution in the adhesion 
slates for a mixture composed of two populations with different surface receptor densities. 
Equal amount of cell populations with surface receptor number in the contact area as 40 
(upper-right) and 50 (upper-left) are assumed for form the mixture (center-bottom). The 



























Figure 5-20. Contour Plots for Mixture of Two Populations
The contour plots of the ligand-receptor bond distribution in the adhesion states for a 
mixture composed of equal amount of two populations with different receptor densities. 
The numbers in the contours indicates the percentage of cells. The parameters are the 
same as Figure 5-19.
When the cell mixture is subjected to the selective cell release process, the cell population with 
the smaller receptor expression is detached first from the ligand-coated surface. Figure 5-21 
shows the contours of the ligand-receptor bond distribution for the cell mixture at different tune 
scales following the onset of cell release. At 3 minutes after the start of ceil release, about 50% 
of the cell population with the lower receptor expression have been released. The cell release of 
this ceil population continues and 5 minutes after the onset, most of this cell population are 
released from the system. On the other hand, the celt population with the greater receptor
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expression almost all remain adhered even at 5 minutes after the study. The is evident by the 
























Figure 5-21. Contour Plots for Selective Release of Mixture
The contour plots for transient selective cell release for a mixture composed of two 
populations. The description of mixture is the same in Figure 5-18. The number in the 
contours indicates the percentage of cells respect to the initial cell population. The soluble 
ligand concentration is 0.15 M and the characteristic fluid velocity is 0.05 cm/sec.
5.6 Conclusion
A solution method for the cell adhesion state model in the presence of both immobilized and soluble 
ligands was developed. With the introduction of the cell flux concept and the application of a 
continuous approximation technique, the population balance equations derived from the adhesion
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state model were transformed into a two-dimensional second order partial differential equation with 
a triangular domain. This was then solved by the finite element method. Through this solution 
method, a significant reduction of computational time over that for Runge-Kutta integration method 
was obtained, and the feasibility of using the adhesion slate model for quantitative studies of cell 
adhesion was improved.
The predictions from the adhesion state model suggested that cell release would be dictated by the 
immobilized and soluble ligand densities, the degree of receptor expression and the shear force 
exerted on the adhered cells. All the model predictions were found to be consistent with the 
experimental observations cited in the literature. The adhesion state model was thus suggested to 
be adequate to describe cell adhesion.
Selective release for a cell mixture composed of cell populations with different receptor expircssions 
was studied. The model predictions suggested that an operating range could be found which would 
separate the different cells in the mixture. This cell fractionation could be achieved by prropjerly 
manipulating the soluble ligand concentration and the fluid shear force. The model predictions were 
also found to be similar to the experimental observations reported in the literature.
5.7 Nomenclature
A contact area (area)




coefficients for finite element method
coefficients for finite element method
coefficients for finite element method
C soluble ligand concentration (amount/volume)
immobilized ligand density (amount/area)
rate constant for formation of immobilized ligand-receptor encounter complex 
(area/time)
d. rate constant for breakup of immobilized ligand-receptor encounter complex (1/ume)
rate constant for formation of j * soluble ligand-receptor encounter complex on cell in 
state Nt / _, (volume/(amount time))
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&'t l rate constant for breakup of j*  soluble ligand-receptor encounter complex on cell in
state Nt j (lAime)
D soluble ligand diffusion coefficient (area/time)
Dm receptor membrane diffusion coefficient (area/time)
f(i,t) fraction of cells at the i * adhesion state
/  value of nodal points for finite element method
{C\ vector of f(i,t)
Ft iota! hydrodynamic force exerted on cell
i number of ligand-receptor bonds
Boltzman constant
specific cell release rate (1/time)
dimension less term of cell release rate
apparent rale constant for immobilized ligand-receptor bond formation (arca/umc)
apparent rate constant for immobilized ligand-receptor bond breakup (1/time)
intrinsic reaction rate constant for formation of immobilized ligand-receptor bond 
(1/lime)
intrinsic reaction rale constant for breakup of immobilized ligand-receptor bond 
(1/lime)
intrinsic reaction rate constant for formation of soluble ligand-receptor bond ( 1/time) 




n total number or receptors in contact area
{V} vector for eigenvalue method calculation
N, j  number of cells in an adhesion state with i immobilized ligands and j soluble ligands
bound to receptors in the contact area
A/,(x, y) nodal coordinates for finite element method
cell flux leaving the i j  adhesion state through immobilized ligand-receptor bond 
formation
cell flux leaving the i j  adhesion state through immobilized ligand-receptor bond 
breakup
cell flux leaving the i j  adhesion state through soluble ligand-receptor bond formation 
cell flux leaving the i j  adhesion state through soluble ligand-receptor bond breakup 
net cell flux entering i, j state from the i-1, j state 
net cell flux entering i, j slate from the i, j-1 state
specific rate at which a cell enters state V,, by the formation of an immobilized 
ligand-receptor bond (1/lime)
specific rate at which a cell leaves state by the breakup of an immobilized 
ligand-receptor bond (1/time)
specific rate at which a cell enters state N, , by the formation of a soluble ligand-receptor 
bond (1/time)
specific rate at which a cell leaves state N, ; by the breakup of a soluble ligand-receptor 
bond (1/time)
receptor
encounter complex radius (length)





characteristic fluid velocity near surface (length/time) 
fraction of surface of adhering cell that lies in contact area 
triangular element area for finite element method 









This chapter presents the dynamics of several binary mixed culture system. The results presented 
here were obtained during the course of the search for a two-culture system for the fermentation with 
specific cell adhesion. In the desired two-culture system, only the slower growing strain is capable 
of specific adhesion. Several Escherichia coli strains were selected based on their expressions of 
the lamB gene product, the maltoporin. Different combinations were tested and their feasibilities 
for the study of mixed cultures were examined. The applications of the various mixed culture systems 
are discussed.
6.2 M icroorganism s and C ulture Conditions
The Escherichia coli strains used in this work were selected based on their expressions of the 
maltoporin. The strains MCR106, pop1080, and ECG18 were lamB-. caused by a deletion in the 
lamB gene. This type of strains did not have a functional expression of the maltoporin, and thus 
expressed little, if any. afTinity to a starch-modified surface. On the other hand, the strains pop3132 A 
and pop6432A consiitutively expressed the maltoporin. due to a mutation in the malT. the positive 
regulator gene. These two strains exhibited high affinity to a starch-modified surface when grown 
on maltose, glucose or glycerol, especially from a continuous culture. The lamB+ strains were 
transformed with a stable plasmid coding for neomycin resistance to allow for strain differentiation 
by differential plate counts.
Strains were maintained on L-agar plates. Liquid cultures were grown in M63 medium, in which 
M63 buffer was supplemented by amino acids and a carbon source. Thiamine and arginine were 
added for MCR106 and pop3132, and methionine and tryptophon were required for the growth of 
pop1080. When ECG18 was cultivated, proline and leucine were added. When used for differential 
plate counts, the L-agar was modi Tied by the addition of 50 pg/ml neomycin. All fermentations were 
performed at 37 °C.
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6 3  ECG18 and Pop3132A on Glucose
Batch mixed culture experiments were performed to study the feasibility of ECG18 and pop3132A 
for the use in reactors with specific adhesion using glucose as the carbon source. M63 medium 
supplemented with thiamine, arginine, proline and leucine and containing 2 ml/1 glucose was used. 
3 ml of overnight culture of the adhering strain, pop3132A, were mixed with 0.5 mi of overnight 
culture of the non-adhering strain, ECG18, and the mixture was incubated in 50 ml of medium. After 
8 to 10 hours, the population composition was estimated by differentia) plate counts and 2 ml of the 
culture was transferred to fresh medium. Several transfers were made until there was no significant 
change of the population composition.
Table 6-1 shows the dynamics of a batch mixed culture of ECG18 and pop3132A with glucose as 
the carbon source. After 4 transfers, the adhering strain, pop3132A, remained the predominant 
population in the mixture, indicating a faster growth rate of pop3132A over ECG18 in the batch 
system. 1 f a reactor system is to be set up to obtain a stable mi xed culture of this system, the population 
of the faster growing, adhering strain has to be contained. This can be achieved by attaching the 
bioreactor with an external chromatography column packed with starch-modified support [Roos, 
1989]. The reactor culture is then withdrawn and passed through the column. The non-adhering 
ceils will not be affected by the addition of the chromatography column, while the adhering cells 
will adhere to the starch-modified support. The population of the adhering strain in the reactor can 
thus be contained by eluting away the adhered cells in the chromatography column by a competing 
eluting buffer.
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Table 6 -1 . Batch Mixed Culture of ECG18 and Pop3132A
Transfer 1 2 3 4
Plate counts (R) 2 17 7 20
4 28 8 33
6 24 13 26
2 30
5 16
Plate counts (Neo) 5 32 3 33
3 18 4 39
2 30 4 30
6 26
4 31
Plate counts (R): Number of colonies on L agar plates.
Plate counts (Neo): number of colonies on neomycin-containing L agar plates.
Mixture of 3 mi overnight adhering strain, pop3132A, and 0.5 ml overnight ECG18 were 
incubated in 50 ml of M63 containing 2 ml/1 glucose After 8-10 hours. 2 ml of cell culture 
was transferred to 50 ml of fresh medium.
All cell samples were diluted to 10*.
6.4 M CRI06 and Pop6432A on Glucose
A continuous mixed culture experiment was performed to study the dynamics of MCR106 and 
pop6432A in a mixed culture using glucose as the carbon source. The reactor contained the adhering 
strain, pop6432A, at steady state, and at tune 0, the non-adhering strain, MCR106 was inoculated. 
A washout of the adhering strain pop6432A would be expected if the non-adhering strain MCR106 
exhibited a faster growth in the reactor. This did not happen. Figure 6-1 shows the population 
estimate of this system. After more than 24 hours of operation, the adhering strain remained the 
predominant population in the reactor, indicating the growth advantage of the adhering strain in the 
reactor. In this particular experiment, the result from the adhesion assay showed a consistent value 
of about 0.8 throughout the experiment. This value was the same as that from the pure pop6432A 
culture obtained from the continuous reactor prior to the inoculation of MCR 106. Thus the value of
0.8 should not be taken as a stable mixture of MCR 106 and pop6432A. but rather an adhering fraction 
of pop6432A population on the adhesion support, starch-Sepharose. On the other hand, the fractions 
of adhering cells obtained from the differential plate counts show a fluctuation around one at different 
operation lime, with the exception of one outliner data at the beginning of the experiment The
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fluctuation is believed to be from the experimental deviation, but also indicates a high percentage of 
adhering cells in the mixed cultures. As for the outimer, experimental error is believed to be the 
reason. With the similar indication from the adhesion assay and the differential plate counts that all 
suggest a large fraction of the adhering strain in the mixed culture system, it can be concluded that 
the adhering strain pop6432A had a faster growth rale than the non-adhering strain MCR 106 in the 
system.
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Figure 6*1. Continuous Mixed Culture of MCR 106 and Pop6432A
The dynamics of mixed culture reactor of MCR 106 and pop6432A grown on 0.5 g/1 glucose. 
D=0.55 h r1; pH=7.0; V=169 ml; Sumng rate=400 RPM; T=37 °C. Reactor containing 
pop6432A at steady state was inoculated with MCR 106 at t=0. The adhesion assay was 
performed cm starch- Sepharose. One outliner for differential plate counts is not shown at 1=0. 
fractions 1,669, S.E,= 0.52.
6.5 PopI080 and Pop3132A-l on Glycerol
The growth rates of pop1080, a LamB strain, were obtained by batch cultures using glycerol as the 
carbon source. The growth data was compared to that of pop3132 A-1. Figure 6-2 shows the Haynes 
plot of the two strains. The growth rates for the two strains were simitar, with the growth rate of 
pop3132A-l somewhat higher, as shown in Table 6-2. A coexistence of the two strains in a mixed 
culture system might then be possible, even though such coexistence is not stable. When the
185
non-adhering strain, popl080, is in a mixed culture system with the adhering strain, pop3132A-1, 
using glycerol as carbon source, the washout rate of pop1080 should be slow. Thus a long operating 
time with the two strains in coexistence might be possible. Alternatively, by using an external 
chromatography column packed with starch-modified support and periodically removing the 
adhering cells from the system, the coexistence of these two strains could be extended.
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Figure 6-2. Haynes Plot for Pop 1080 and Pop3132A-l
Haynes plot used to estimate the growth rate kinetics of pop1080 and pop3132A-1. Growth 
rates were obtained from the initial rate data from shake flask experiments with glycerol as 
the carbon source.
Table 6-2. Monod Parameters of Pop 1080 and Pop3132A-l
poplOSO pop3l32A-l
Haynes
H -~.hr' 0.552 0.572
K„mlA 0.145 -0.029
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6.6 Sum m ary
In this chapter, different combinations of Escherichia coli strains grown with different carbon 
sources were studied and the feasibilities of using such combinations in the reactors with specific 
adhesion were discussed. In the combinations shown in this chapter, the adhering strains all indicated 
a faster growth rate than the non-adhering strains, thus these combinations were not suitable for the 
study of mixed culture reactor system with specific cell adhesion. A combination with MCR 106 
and pop3132A-1 using glycerol as carbon source was found to have the desired characteristics. This 
system was then used for such study and the result is presented in Chapter 3.
CHAPTER 7 
SUMMARY AND SUGGESTIONS
In this work, two aspects of specific cell adhesion were investigated. On the application aspect, its 
utilization in the control of mixed culture fermentations was explored. Experimental research was done 
to obtain the proper design of the fermentation system for such purpose. The theoretical aspect of this 
work was directed to a study of the feasibility of using the adhesion state model, a kinetic model for 
specific cell adhesion, to quantitatively model cell adhesion phenomena. Solution methods were 
developed to reduce the computational time required so that the model could be applied to the adhesion 
studies on a quantitative scale. The model predictions were also compared to the experimental 
observations cited in the literature and to the two adhesion models previously developed by others.
Chapters 2, 3. and 6 described the development of mixed culture fermentation systems with specific 
cell adhesion. The first step of the work was done to identify a model microbial two-culture system, in 
which only the slower growing strain was capable of specific adhesion on immobilized starch. The 
model two-culture system was desirable because the coexistence of the mixed culture would be 
theoretically possible in a continuous fermentation system with cell adhesion control. The genotypes of 
the strains used and the criteria of selection were described in Chapter 2. Several combinations were 
tested, and the results were included in Chapter 6. Eventually the model two-culture system was obtained 
through carbon source selection, UV mutation and mutant selection. Different designs of fermentation 
systems were then investigated, and their feasibilities in the control of mixed cultures were studied. 
These experimental procedures and observations were reported in Chapter 3.
The experimental development in this work provided a direction for future investigations. In this work, 
the selection of a carbon source was shown to be a powerful tool for obtaining different desired growth 
rates for different strains. The UV mutation technique was also found to be useful for obtaining slower 
growing mutants. As for the design of fermentation system, it was found that the internal suspension 
system with the adhesion beads contained in a bag inside the fermentor provided a better environment 
to utilize the adhesion surfaces. Through the development, the coexistence of mixed culture was found 
to be possible, and the theory of control mixed cultures via specific cell adhesion might be realized. The 




In the future, the investigation should be focused on the control of the experimental conditions. The 
oxygen transfer might be limited by the slow agitation in the fermentor, which was used to prevent the 
adhered cells from being detached by the shear. The adhesiveness of the adhered cells to the adhesion 
beads may be great enough to stand a higher agitation, which could improve the oxygen transfer in the 
fermentor. Once the operations can be properly controlled, several other parameters can be manipulated 
for different purposes. One parameter is the amount of adhesion beads, which theoretically can control 
the final composition of the mixed cultures. Different microbial systems can also be exploited for the 
industrial application purposes.
The theoretical study of specific cell adhesion was described in Chapters 4 and S. In Chapter 4, the 
kinetics of cell adhesion in the presence of only immobilized ligands was investigated. Under some 
si mplify ing assumptions, analytical solutions were obtained for cel I attachment. An approximate sol ution 
was also obtained for cell detachment using the Finite element method and the eigenvalue method. 
Through the development of the solution methods, the computational time for the adhesion state model 
was significantly reduced, and the application of the model to cell adhesion studies on a quantitative 
scale was thus possible. The model predictions were found to be similar to the published experimental 
observations. This indicates that the adhesion state model is adequate in describing cell adhesion 
phenomena. The adhesion state model was also compared to two other models previously developed 
by others and was found to have a better capability to predict the transient cell adhesion.
The kinetics of cell adhesion in the presence of both soluble and immobilized ligands was examined 
in Chapter 5. The solution method for the adhesion state model was derived for cell detachment using 
the cell flux concept and the finite element method. This development of the solution method extended 
the application range of the adhesion state model on cell adhesion studies. The effects of various 
parameters on cell adhesion were studied using the adhesion state model, and the model predictions were 
found to be consistent with the experimental observations cited in the literature. Many experimental 
observations in fact could be explained by the adhesion stale model. The feasibility of selective cell 
release was also investigated using the adhesion state model and was found probable by appropriate 
operating conditions.
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In the adhesion state model, the shear stress was assumed to be evenly distributed to the ligand-receptor 
bonds between the adhered cells and the adhesion surface. However, a more reasonable assumption 
would be to use a distribution of stress so that the effect of the shear stress on the ligand-receptor bonds 
would differ with the position of bonds.
The feasibility of the adhesion state model to quantitatively model the dynamics of adhesion experiments 
would be an interesting topic for future studies. In this work, the model predictions were only compared 
to the experimental observations from the literature. The validity of the model would be more convincing 
if a ligand-rcccptor system could be found or developed so that the model predictions could be compared 
to the experimental results. The effects of various parameters on cell adhesion could then be interpreted 
by the model, and the kinetics could be elucidated.
In summary, this project achieved two goals of the specific cell adhesion studies. On the experimental 
side, this work developed a fermentation system with the property that coexistence in a mixed culture 
system was possible. The results from this work provided the groundwork for future studies in which 
the industrial applications of such a system could be an interesting direction. The solution methods 
developed by this work, on the other hand, extended the applicability of the adhesion state model for 
cell adhesion studies. The preliminary results from the model predictions suggested that this model 
could be adequate in describing cell adhesion. The kinetics of cell adhesion might be elucidated by using 
the adhesion stale model as a tool to systematically investigate the effects of various parameters.
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APPENDICES
A. PROGRAM  FEM ID T
The computer program FEMIDT is listed in this section. The fraction of remaining cells for transient
cell detachment with only immobilized ligands presence is calculated using the adhesion state model.
The one-dimensional finite element method and the eigenvalue method are used in the program, which
is written for LSU SNCC IBM 3090 Supercomputer. The subroutines in the program for eigenvalue
calculations are copied from Villadsen and Michelsen [ 1978].
//FEM 1 DT JOB (1303,62920,30,9999),HWANG .NOTIFY-CMYEOU.
// REGION=50M,MSGCLASS=S,CLASS«H
/•JOBPARM SHIFT=N
//STEP EXEC PROC=VSF2CLG,TlME= 1440
//FORT.SYSIN DD *
IMPLICIT DOUBLE PRECISION (A-H, O-Z) c  . . . . . . . . . . . . . . . . . . .    * .* .**
C • PROGRAM FEMIDT USING FINITE ELEMENT METHOD •
C • SOLVING THE TRANSIENT DISTRIBUTION OF ID CELL *
C * DETACHMENT *
C * BY YEOU-FU HWANG *
PARAMETER (MNEMT=150)
DIMENSION RTFW(MNEMT), RTRV(MNEMT), BMAT(MNEMT, MNEMT),
& BS(2,2), Y(MNEMT), AMAT(MNEMT, 2*MNEMT), AS(2,2).
& FMAT(3*MNEMT, MNEMT), NC(MNEMT)
CALL XUFLOW{0)
Cc .................................................
C * DATA INPUT SECTION *
C *............*......................................................................... ..
c





C *** MEMBRANE DIFFUSIONAL COEFFICIENT (CM2/SEC) ***
C
DCMEM= 1 .D 10
C










































n •** ENCOUNTER COMPLEX RADIUS 
(CM)
SC=4.D-8
CELL REMOVAL RATE (I/SEC)***
RKR=100.
• ’ * RECEPTOR NUMBER IN CONTACT AREA ***
RN=60
*•* NUMBER OF ELEMENT FOR CALCULATION * * '
NEMT=25
**• FRACTION OF CELLS OF THIS RECEPTOR NUMBER 
FRAC=1.0
ATTCHMENT TIME BEFORE THE ONSET OF DETACHMENT (SEC) *•* 
TA=120.
*** TIME OF DETACHMENT AND TIME INTERVAL (SEC) ***
TINT=30.
TFNL=600.0








• MAIN PROGRAM STARTS *
CALACULATION OF THE SPECIFIC RATE CONSTANTS FOR ADHESION *











C **• CALCULATE THE EXACT SOLUTION AND THE RATE CONSTANTS 
C AT THE NODAL POINTS ••*




DO 10 1=1, NEMT+1 
RI=(1-1 )*RN/NEMT 
EX1=(RI-THETA)**2/(2.*VAR)*(-1.)
Y(I)=DEXP(EX1)/(2.*PI* VAR)* *0.5* 100.





IF (RI .GT. (RN-1.)) THEN 
RTFW(I)=0.
ELSE 








C *** INITIATING THE BMAX MATRIX ***
C
DO 20 J= l, NEMT+1 








C *** CALCULATE NODAL MATRIX AND ASSEMBLE THE GLOBAL MATRIX 
C
DO 401= 1. NEMT 
RPLS=(RTFW(T}+RTFW(1+1 )Y2.
RMUS=(RTRV(I)+RTRV(I+l))/2.
A $(l,l>=l/3 *DELX 
AS(U>=176*DELX 
A${2.1 )= 176.* DELX 
A$(2,2)= 173 .* DELX
BS( 1,1 )=(R MUS+RPLS)/(2 .* RN* * 2* DELX ><RMU S - RPLS )/(RN* 2.) 
BS(1,2)=-(RMUS+RPLS)/<2*RN**2*DELX)-(RMUS-RPLS)/(RN*2.)
B$(2,l)=- (RMUS+RPLS)/(2.*RN**2*DELXH(RMUS-RPLS)/(RN*2.)
BS(2,2)=(R MUS+RPLS)/(2 .* RN* * 2* DEL X >+{R MUS -RPLS )/(RN* 2.)
AMAT(I, I)=AS(1,1>+AMAT(U)
AMAT(I, I+1)=AS(I,2>+AMAT(I,I+1)
AMAT(I+1 J>= A$(2,l >+AMAT(I+1,1)
AMAT(1+1,1+l>= AS(2^)+AMAT(I+U+1)







C • • •  INCORPORATE THE BOUNDARY CONDITION TO BMAT MATRIX “ *
C
BMAT( 1,1>=BM AT( 1.1HRKR/RN
C
C • • •  INVERSE AMAT MATRIX AND SET UP FMAT *•*
C
CALL GAUSL(MNEMT. MNEMT, NEMT+1, NEMT+1, AMAT)
DO 50 J—I.NEMT+1 
DO 60 1*1, NEMT+1 
FMAT(JJ)=0.







C OBTAIN EIGENSTUFF FROM FMAT
C
CALL EISYS(3* MNEMT, MNEMT, NEMT+1, INDEX. EPS. NC. FMAT)
C
DO 80 J=l, NEMT+1 
RTFW(J)=0.
DO 90 1=1, NEMT+1 




C CALCULATE THE TRANSIENT DISTRIBUTION ***
C
T=0.
150 IF (T .GT. TFNL) GO TO 100 
TD=ARP*CLIMO*T 
DO 110 J= l, NEMT+1 
RTRV(J)=0.
1=1
130 IF (I .GT. NEMT+1) GO TO 120 






IF (AL*TD .LT. -60.) THEN 
RTRV(/)=RTRV(J)
ELSE
CPX=(FMAT(NEMT+1 +;,I)*R'nFW(IHFMAT(NEMT+ I+J J+1 )*RTFW(I+1)) 
& *DCOS(BE*TD>+(FMAT(NEMT+1 +J.I)*RTFW(I+1 )-
& FMAT(NEMT+1+JJ+1)*RTFW(I))*DSIN(BE*TD)















BMEAN=BMEAN+((X 1 *RTRV (K)+X2*RTR V(K+1 ))• DELX/2.+
& (RTRV(K)-RTRV(K+1))*DELX**2/6.)*RN
140 CONTINUE











C * ” *...................... .................................................................................. .
c • *





IMPLICIT DOUBLE PRECISION (A-H.O-Z)
C
C EISYS FINDS THE EIGENVALUES, EIGENVECTORS AND EIGENROWS 
C OF AN N*N MATRIX C WHICH IS IN A.
C
C ND IS THE ROW DIMENSION OF A. DECLARED IN THE MAIN PROGRAM 
C NCOL IS THE COLUMN DIMENSION OF A AND THE DIMENSION OF NC
C
C N IS THE SIZE OF THE N*N MATRIX C 
C
C INDEX IS AN INDICATOR
C INDEX = I GIVES EIGENVALUES ONLY, AND THESE ARE STORED IN THE 
C FIRST COLUMN OF A. REAL AND IMAGINARY PARTS OF THE
C COMPLEX EIGENVALUES BEING IN ADJECENT POSITIONS
C INDEX = 0 GIVES EIGENVALUES AND EIGENVECTORS. THE EIGENVALUES ARE 
C ON THE MAIN DIAGONAL OF A. COMPLX PAIRS AS A 2*2 BLOCK
C WITH THE REAL PARTS (IDENTICAL) ON THE DIAGONAL, AND
C THE IMAGINARY PARTS ( IDENTICAL BUT OF OPPOSITE SIGN)
C AS ADJACENT OFF-DIAGONAL ELEMENTS.
C THE MATRIX OF EIGENVECTORS, Q, IS STORED IN ROWS N+1
C INDEX = I GIVES EIGENVALUES. EIGENVECTORS AND EIGENROWS, EIGENVA- 
C LUES AND EIGENVECTORS BEING STORED AS FOR INDEX = 0
C THE EIGENROWS, QINV, ARE STORED IN ROWS 2N+1 - 3N
C ON EXIT INDEX GIVES THE NUMBER OF ITERATIONS IN THE QR-STEP 
C INDEX THEREFORE MUST BE A VARIABLE. NOT A CONSTANT 
C
C EPS IS THE TOLERANCE, AND A SUGGESTED VALUE IS 1 D-08 
C
C NC IS AN INDICATOR ARRAY FOR THE EIGENVALUES ,NC(I) -  0 INDICATES 
C THAT THE 1’TH EIGENVALUE IS REAL. AND NC(I) = 1 (AND NC(I+1 )=2 )









C A(U) AND COMPLEX PART IN A(I+1,1+1) )
c
C STORAGE REQUIREMENTS 
C THE MINIMUM VALUE OF ND IS
C N FOR INDEX = 1 (EIGENVALUES ONLY)
C 2N FOR INDEX = 0 (EIGENVALUES AND -VECTORS)
C 3N FOR INDEX = 1 (EIGENVALUES, -VECTORS AND -ROWS)
C
C THE DIAGONALIZED MATRIX D, THE MATRIX OF EIGENVECTORS Q, AND 
C THE MATRIX OF EIGENROWS QINV, SATISFY 
C C * Q*D*QINV 
C
DIMENSION A(ND^COL)JMC(NCOL)
NS -  2*N 
NT =s NS 
IT = INDEX
IF(INDEX.LE.O) NS = N 
DO 10 I = IN  
IF(INDEX.LT.O) GO TO 10 
DO 11 J = 1JN
11 A(J+N J) = 0.
A(1+N,I) = 1.
10 NC(I) = 0 
CALL HOUS(ND,NCOL,N,A,INDEX)
CALL QR(ND JMCOL ,N ,EPS, A .INDEX)
IF(IT.LE.O) GO TO 12 
DO 13 I = 1.N 
DO 13 J=  1JM 
13 A(I+2*NJ) = A(J+NJ)
12 CALL ORDEN(NDNCOL,NJT£PSNC,A)






IMPLICIT DOUBLE PRECISION (A-H.O-Z) 
DIMENSION A(ND,NCOL)NC(NCOL),X(2,2)
IX = N
NE = N + NRO 
10 IF(IX.LE.0) GO TO 100 
C*= A (IX JX)
D - 0 .
II = 2
IF(NC(IX).LE.O) GO TO 3 
II -  1
D = A(IX-UX)
3 J X - I X + 11 -3  
60 IF (JX.LE.0) GO TO 50 
AC = A(JXJX) - C 
J1 =2  
B = 0.









J1 -  1
B »  A(JX-UX)
6 DO 8 J = 1,2 
DO 8 I » 1.2
8 X(1 J) = 0.
0 0 9 1  = 11,2 
D 0 9 J  = J U
X(J,I) = A{JX+J 2JX+I-2)
9 A(JX+J-2JX+I-2) = 0.
U « (X (l ,l)  + X(2,2))/2.
S = X(1,1)-U 
V -(X (U )-X (2 ,1 ))^2 ,
T =  X{1,2) - V
DB = D-B 
DB = B-D
DET = AC* AC + DB*DB 
RI = (U*AC + V*DB)/DET 
RI1 = (V*AC - U*DB)/DET 
DB = D + B
DET = AC* AC + DB*DB 
R2 = (S* AC - T*DB)/DET 
R12 = (T*AC + S*DB)/DET 
X ( l , l ) -  RI + R2 
X(2,2) = RI - R2 
X(U)=RI2-RI1 
X(2,l) = RI2 + R11 
DO 15 K = 1JME
IF((K.LE.N) .AND. (K.GE. JX+J1-2)) GO TO 15
DO 20 I = 11,2
D O 2 0 J - J U
IF(KJ-E.2*N) A(KJX+l-2) = A(K4X+l-2)-X(U)*A(KJX+J-2) 




JX = JX + J1 - 3 
GO TO 60 







IMPtlCIT DOUBLE PRECISION (A-H.O-Z) 
DIMENSION A(ND,NCOL)
IF(N iE .2) GO TO 100 
NL = N-2 
N T -N + N
IF(INDEX.LT.0) NT = N 
DO 101 = 1 JsTL 
IPP* 1 + 1 










DO II J -  IPAJ5J 
11 S -  S + A(J,I)**2 
IF(SEQ.0.) GO TO 10 
S -  DSQRT(S+A(IPP,I)**2) 
IF(A(IPPJ).LT.O.) S = -S 
A(IPP,I) = A(tPP.I) + S 
SK = S*A(IPP,I)
DO 15 J = IPP.N 
SX =0.
DO 16 K = IPP.N
16 SX -  SX + A(KJ)*A(KJ) 
IF(SX.EQ.O.)GOTO 15 
SX -  SX/SK
DO 17 K = IPP.N
17 A(KJ) = A(KJ> - SX*A(K,I) 
15 CONTINUE
DO 20 J = 1JS1T 
SX = 0.
DO 21 K = IPP.N
21 SX = SX + A(K,I)*A(J,K) 
IF(SX.EQ.O) GO TO 20 
SX = SX/SK
DO 23 K = IPP.N 
23 A(J.K) = A(J,K) - SX* A(K.I) 
20 CONTINUE 
A(IPP.I) = -S 
DO 22 J = IPA.N











IF(TT.LT.0) MT = 1 
IT = 0 
NT = 2*N 
SX =0.
S Y -0 .
1 - N +  1 
101 = 1 1 
IF(I J-E.2) GO TO 100 
20 M = 1 
IT = IT + 1 
11 = I
DO 11 JA = 2.11 
J = I + 2 - JA 
K =J 1
203
X -  DABS(A(J.K)V(DABS(A(J J)HDABS(A(K.K)>+EPS) 
IF(X.GT.EPS) GO TO 11 
M - J  
A(J,K) = 0.
IF(M.LE. 1-2) GO TO 12 
IF(M£Q. 1-1)1 = 1-1 
GOTO 10
11 CONTINUE
12 IF(TT.EQ. 1) GO TO 30 
SX * A(1J) + A (I-U -l)
SY * A(U)*A(I-1,I-1) - A(U-1)*A(I-1 J)
IF((SX.EQ.0.) .AND. (SY.EQ.0.))SX = A(IJ-1)
30 X-A{MJM)/A(M+1,M)*(A(M.M)-SX>+A(M1M+1>+SY/A(M+1,M)
Y * A(M,M) + A(M+1,M+1) - SX 
Z = A(M+2,M+1)
IL = 1-1
NL1 * N+ MT*(I-N)
NL2 = 1 + (M- 1)*MT 
NL3 = NT + (1- NT)*MT 
DO 15 J = M ,IL 
LOl = (Ji-T.IL)
S = DSQRT(X*X + Y"Y + Z*Z)
IF(XXT.0.) S=-S 
X *x + s
Y -  Y/X 
Z -Z /X  
X = X/S
DO 16 K = J JNL1
SX = A(J,K1 + Y*A(J+1,K)
IF(LOl) SX = SX + Z*A(J+2JC)
SX = sx*x
A(J.K) * A(J,K) - SX 
IF(L01) A(J+2,K) * A(J+2.K) - Z*SX 
16 A(J+1,K) = A(J+1,K) - Y*SX 
DO 25 K * NL2.NL3 
IF(K.GT,N) GO TO 42 
IF{(K.GE J+4) .OR. (K.GT.t»GO TO 25 
42 SX * A(KJ) + Y*A(KJ+1)
IF(L01) SX -  SX + Z*A(KJ+2)
SX -  SX*X 
A(KJ) * A(K J )  - SX 
A(K,J+1) * A(KJ+1) - Y*SX 
IF(LOl) A0CJ+2) * A(KJ+2) - Z*SX
25 CONTINUE 
IF(J.LE.M) GOTO 26 
A (JJ-l) = S 
A<J+U-1) = 0.
IF(J.LT.I-1) A(J+2J-1) = 0.
26 X -  A(J+1J)
Y = 0.
Z * 0 .
IF(L01) Y = A(J+2J)
IF(J.LT.I-2) Z * A(J+3J)
15 CONTINUE 











IMPLICIT DOUBLE PRECISION (A H.O Z)
DIMENSION A(NDJMCOL) J4C(NCOL)
NS = 2*N 
N T -N S
IF(IT.LE.O) NS = N 
1 - 0
15 I -  1+ 1 
IF(I-N) 16,17,200
16 X -  DABS(A(I+1.0)/(DABS(A(I,I»+DABS(A(I+l,]+t)>+EPS) 
IF(XOT.EPS) GO TO III
A0+1.I) *0 .
17 IF(IT.GE.O) GO TO 15 
A(I,1) = A(IJ)
GOTO 15
111 Y = A (U )+ A(I+1,1+1)
Z = A(I,I)*A(I+1 J+-1) - A(I,I+1)*A(I+1,I)
X = Y*Y -4.*Z
IFfX.LT.O.) GO TO 112
R = (DABS(Y) + DSQRT(X))/2.
IF(Y.LT.O.) R = -R 
IF(IT.GE,0) GO TO 120 
A(I,1) *= R 
A(I+1,1) = Z/R 
GOTO 121 
120 Q * A(I J) -R 
S = A(IJ) - Z/R
IF(DABS<S).GT.DABS(Q» Q = S
Q = A(I+1,1)/Q
C =  17DSQRT{Q*0+1.)
S = Q*C 
GOTO 113
112 R -  (A(I+U+1)-A(I,I))/(A(I+U>+A(I,I+1))
IF(IT.GE.0) GO TO 122
Afl.l) = Y/2.
A(I+1,1) = DSQRT(-X)/2,
NCfl) -  l 
NC(I+1) * 2 
GOTO 121 
122 Q -  17DSQRT( 1 +R*R)
C=DSQRT((Q+l)/2.) 
s -  R*cyc/2.
113 DO 115 J = I .NS 
K1 = I
K2 = J
IF(J.GTJM) K1 = I + 2*N 
IF(J.GTJ^) K2 * J - N 
Q «  A(K1,K2)
A(K1JC2) -  CTC + S*A(K1 + I.K2)
115 A(K 1 +1 ,K2) > A(K 1+1 ,K2)*C - S*Q 
DO 116 J = IJVT
IF((J.GE.I+2) .AND. (J.LE.N)) GO TO 116 
O -  A(J ,1)
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A(J,I) = A(J,I)*C + A(J,I+1)*S 
A (J4+1)«C*A(J4+1)-Q*S 
116 CONTINUE 
IF (X.GE.O.) GO TO 118 
NC(1) -  1 
NC(I+1) = 2
R = DSQRT(DABS(A(1+U)/A(I.I+1»)
DO 119 J = 1.NT 
A(J,I+t) = A(J,I+1)*R 
IF(J.GT.N) GO TO 82 
A(I+ 1,J) = A(l+ 1 rO/R 
GOTO 119 
82 IF(J.GT.NS) GO TO 119 
A(I+2*N+14-N) = A(I+2*N+14-N)/R 
119 CONTINUE 
GOTO 121 
118 A(I+1,I) = 0.













C GAUSL SOLVES A*X = B, WHERE A IS N*N. AND B IS N*NS, BY GAUSSIAN
C ELIMINATION WITH PARTIAL PIVOTING. THE MATRIX (OR VECTOR) B
C IS PLACED ADJACENT TO A IN COLUMNS N+1 TO N+NS.
C A IS DESTROYED AND THE RESULTING MATRIX X REPLACES B
C
N1 = N + 1
NT = N + NS




DO 101 = 2>l 
IP = I-1  
II = IP
X = DABS(A(11J I ))
DO 11 J=  IJ9
IF(DABS (A(J 41)) -LT. X) GO TO 11 
X = DABS(A(J4D)
IP = J 
11 CONTINUE 
IF(IP£Q.11) GO TO 13
C
C ROW INTERCHANGE 
C




12 A(IPJ) -  X
13 DO 10 J = 1.N
X = A(J,I1)/A(I1.I1)
DO 10 K = IJSTT 
10 A(J,K) = A(J,K) - X*A(I1JC)
C
C ELIMINATION FINISHED, NOW BACK SUBSTITUTION 
C
50 DO 20 I P -  1J9
I = Nl-IP
DO 20 K = N1 J'TT 
A(I JC) = A(I JO/Afl J)
IF(l.EQ.l) GO TO 20
II - I -  1
DO 25 J = 1,11 







In program FEM2DT, ihe finite element method and Crank-NichoLson algorithm are used. The program
is developed for LSU SNCC 3090 Supercomputer.
//FEM2DT JOB (1303,62920,1440,9999) .HWANG ,NOTIFY=CM YEOU.






     * * * * *
C • PROGRAM FEM2DT FOR SOLVING 2D TRANSIENT •
C • DETACHMENT PROBLEM VIA FINITE ELEMENT METHOD *
C • (CRANK-NICHOLSON AND BANDED MATRIX) •
C • THIS PROGRAM USES ESSL PACKAGE •
C * BY YEOU-FU HWANG •
PARAMETER (N2R=115. N2N=(N2R+l)*(N2R+2)/2+l)
DIMENSION XC(N2N), YC(N2N), RFX(N2N), RBX(N2N),
&RFY(N2N), RBY(N2N), XCS(3), YCS(3), A{3), B(3), C(3),
&VM(N2N), N(3). V$<3), FC$<3,3). FT$(3.3), F1S<3,3), F2J(3J).




C • KINETIC VARIABLE INPUT SECTION •
C
































*•* CELL RADIUS (CM) AND CELL FRACTION FOR ADHESION ***
RCELL=l.D-4
BETAC=0.1
IMMOBILIZED AND SOLUBLE LIGAND DENSITIES *•*
(M/CM2 & M)
CLIMG= 1 ,D-13
••*  FOR INITIAL STEADY STATE CALCULATION **•
CSOLI=0.02
FOR TRANSIENT DETACHMENT CALCULATION •** 
CSOL2-O.Q2




•** FLUID VELOCITY (CM/SEC) AND VISCOSITY (G/CM-SEC) •**
*** FOR INITIAL STEADY STATE CALCULATION ***
Vl=0
FOR TRANSIENT DETACHMENT CALCULATION * "
V2=0.18 
ETA=7.3D-3
TEMPERATURE AND BOLTZMANN CONSTANT • • •
TK=310.
RKB=1.38D-16
RECEPTOR NUMBER IN CONTACT AREA • • •
RN=30
*** NUMBER OF SEGMENT • • •
NSEG=10
*** CRANK NICHOLSON COEFF. AND TIME CONSTANTS **•
THETA=0.5 



































NODAL INFORMATION INPUT SECTION
**• NUMBER OF NODE AND ELEMENT ***
NN=(NSEG+l)*(NSEG+2)/2
NE=NSEG**2
*** COORDINATES OF NODES ***
NP=1
DO 10 J=NSEG+1, 1. -1 
IX) 20 1=1. J 
XC(NP)= ((NSEG+1 ,)-J)/(NSEG* 1.)
YC(NP)= 1 .-((NSEG+1 H +I-l .)/(NSEG* 1.)




*•* SYSTEM TOPOLOGY (ELEMENT # & NODE # IN COUNTER­
CLOCKWISE FASHION STARTING AT ANY POINT ***
NP=0
NE=0
DO 30 J=NSEG+1. 1,-1 
DO 40 1=1, J-l 
NP=NP+1 
NE=NE+1 
NODE(NE. 1) = NP 
NODE(NE, 2) = NP+1 
NODE(NE, 3) = NP+J
WRITE(6 *) NE, NODE(NE, 1), NODE(NE, 2), NODE(NE,3)
IF (I J4E. J-l) THEN 
NE= NE+1
NODE(NE, 1) = NP+1 
NODE(NE, 2) = NP+J+1 
NODE(NE, 3) = NP+J






*** SET CALCULATION CONDITION: ICODE= 1. INITIAL CONDITION; 
ICODE=2, TRANSIENT DETACHMENT CONDITION ***











C *** INrnATDMG VARIABLE MATRIXES ***
C
DO 60 1=1, NN 






C * C ALACUL ATION OF FOR WARD AND B ACK W AR D BOND-FOR MATION OR 
C * -BREAKAGE CONSTANT AT EACH NODE *
C
R D MI M O=8* DCME M/S C** 2 
DO 80 I=1,NN 
RI=RN*XC(I)
RJ=RN*YC(I)
















DUM=3 .* DCSOL/SC* * 2* PI*RCELL/(RNC* SC+PI1*RCELL)
RFY(I)=R KPSOL* DUP/(DU M+R KPSOL)* CSOL/1000. 
RBY<I)=RKMSOL*DUM/(DUM+RKPSOL)*RJ 
80 CONTINUE






DO 90 K= 1.NE
C














XSUM= XCS( I )**2+XCS<2)**2+XCS{3)* *2 
YSUM=YC$( I )** 2+YC$<2)* *2+YC${3)**2 
XYSUM=XC$( 1 )• YCS( 1 >+XC$(2)* YC${2H XCS(3)* YCS(3)
A( 1 )=XC${2)* YC$(3)-XCS(3)* YCS{2)
A(2)*XCS(3)* YC$( l)-XCS(l)* YC${3)








& XCS(3)*( YC$( 1)-YCS(2))))





C *** FORM INFLUNENCE MATRIX FOR FRACTION • • •
C


















C *** MERGE BOUNDARY CONDITION FOR THE TRANSIENT CONDITION • • •  
C
IF ((1CODE .NE. 1) .AND. (K .LE. (2*NSEG-1)» THEN 
BL=U(NSEG*1.)







C • • •  FORM FIS AND F2S ELEMENT MATRIX FOR CRANK-NICHOLSON 
C
DO 120 J - 13 
DO 1301*1,3 
FI S(J ,I)=FC$(J,I)+THETA*DELT* FTS(J .1)









C *M FORM F$ ELEMENT MATRIX 
C
DO 140 J=13  
DO 150 1=1,3 
F$(JJ)=0.
DO 16011 = 13 





















C •** NORMALIZE THE GLOBAL MATRIX F **•
C
DO 190 J=1,NN 






c  *** SET ASSUMED DISTRIBUTION FOR CALCULATION OF INITIAL CONDITION 
C
IF (ICODE £Q . 1) THEN 







C *** CALCULATE THE NEW DISTRIBUTION AT T=T+DELT ***
C
260 DO 270 J= 1 .NN 
F1(J)=0.






C *•* CHECK CONVERGENCE OF CALCULATION OF INITIAL CONDITION 
C
IF (ICODE .EQ 1) THEN 
TOTAL=0.
TOTAL 1=0.





IF ((CONV LE . l.E-7) .OR. (T .GT. TFNL)) THEN 
FRAC=0.






WRITE<6*),T «\T ,’RN=,,RN.,NSEG=,1NSEG 



























C *** CHECK FOR PRINTOUT STEP • • •
C
IF (ABSfT-TS) EE. DELT) THEN 
DO 300 1=1 ,NN 






C *** CHECK FOR TIME LIMT ***
C
IF ( T I E .  TFNL ) THEN 










C. PROGRAM  TRAN2D
The program TRAN2D is developed for the LSU SNCC 3090 Supercomputer. In the program, the
subroutines are adapted from the appendix in Villadsen and Michclsen [1978].







IMPLICIT DOUBLE PRECIS ION(A-H, O-Z)
C * PROGRAM TRAN2D FOR SOLVING 2D TRANSIEN STATE •
C * ADHESION PROBLEM VIA FINITE ELEMENT METHOD *
C * AND EIGENVALUE METHOD *
C * •
C * BY YEOU-FU HWANG *
C  ................*.............. ....
PARAMETER (N2R=50N2E=N2R**2. N2N=(N2R+l)*(N2R+2)/2+l)
COMMON/TE MP/FMAT( 3* N2N N2N)NC(N2N)
DIMENSION XC(N2N). YC(N2N), NODE(N2E,3), RFX(N2N). RBX(N2N),
&RFY(N2N), RBY(N2N), XCS(3), YC${3), FTS(3.3). A(3), B(3). C(3),



































KINETIC VARIABLE INPUT SECTION






“ * DIFFUSIONAL COEFFICIENTS FOR MEMBRANE AND SOLUTION 
(CM2/SEC)
DC MEM = I D-10
DCSOL=5.D-6
CELL RADIUS (CM) AND CELL FRACTION FOR ADHESION ***
RCELL=l.D-4
BETAC=0.1
IMMOBILIZED AND SOLUBLE LIGAND DENSITIES ***
(M/CM2 & M)
CLlMO=l.D-13
**** FOR INITIAL CONDITION 
CSOL 1-0.20
*,M  FORT TRANSIENT DETACHMENT CONDITION **♦
CSOL2=0.20




*•* FLUID VELOCITY (CM/SEC) AND VISCOSITY (G/CM-SEC) •**
*•** FOR INITIAL CONDITION 
V1=0.
FOR TRANSIENT DETACHMENT CONDITION ***
V2=0.05
ETA=7.3D-3
TEMPERATURE AND BOLTZMANN CONSTANT 
T=310.
RKB=1.38D-16
RECEPTOR NUMBER IN CONTACT AREA •**
RN=60
NUMBER OF SEGMENT PER SIDE •*•
NSEG-40
• • •  TIME CONSTANTS FOR CALCULATION
• • •
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TIN T. 15. 
TFNL=600.
C






• NODAL INFORMATION INPUT SECTION •
c
C • • •  NUMBER OF NODE AND ELEMENT • • •
C
NN=(NSEG+1 )*(NSEG+2)/2
n e =n s i :g **2
c
C COORDINATES OF NODES ***
C
NP=1
DO 10 J=NSEG+1, 1. -1 







C “ * SYSTEM TOPOLOGY {ELEMENT# ANODE * IN COUNTER- 




DO 30 J=NSEG+1, 1, -1 
DO 40 1=1, J-l 
NP=NP+1 
NE=NE+1 
NODE(NE, 1) = NP 
NODE(NE, 2) = NP+1 
NODE(NE, 3) -  NP+J 
C WRITE<6 *) NE, NODE{NE, 1), NODE(NE, 2), NODE(NE,3)
IF (I .NE. J-l) THEN 
NE= NE+1
NODE(NE, 1) = NP+1 
NODE(NE, 2) = NP+J+1 







C ••*  SET CALCULATION CONDITION: ICODE=l. INITIAL CONDITION;
C ICODE-2, TRANSIENT DETACHMENT CONDITION * * '
C









C *** INITIATING VARIABLE MATRIXES
C
DO 50 J = 1 .NN 







C   ..............
C * CALACUL ATION OF FORWARD AND BACKWARD BOND-FORMATION OR 
C * -BREAKAGE CONSTANT AT EACH NODE *c ...............................................................
C
RDMIMO-8 *DCMEM/SC* • 2 












IF (RI .GE. 0.99) THEN 
RB X(I)“ R I* RKMIMO* RDMIMO/(RDMI MO+R KPI MO)







DU M=3 * DCSOL/SC* * 2*PI* RCELL/{RNC* SC+PI* RCELL)
DU M1 =3. * DCSOL/SC* *2*PI* RCELL/(RNC I *SC+P1*RCELL)
RFY(I>=R KPSOL* DUP/(DU M+R KPSOL)* CSOL/1000.
RB Y(I)*R KMSOL* DU M1 /(DUM1+RKPSOL)* RJ 
80 CONTINUE
C WRITE(6.*)NSEG+2.RBX(NSEG+2)















CALCULATE MATRIX COMPONENT FOR EACH ELEMENT *•*
DO 90 K= 1.NE












XSUM=XC$( 1 )**2+XCS<2)**2+XC$(3)** 2
YSUM=YC$(1)**2+YC$(2)**2+YC$(3)**2
X YSUM= XC$( I)* YC$( 1)+ XC$(2)* YCS{2>+ XC$(3 )* YC$(3)
A( 1 )=XC$(2)* YCS(3)-X CS(3)* Y CS{2)












RFYE=(RFY(N 1 >+RFY(N2>+BFY(N3))/3. 
RBYE=(RBY(Nl>+RBY(N2)+RBY{N3))/3.
• • •  FORM INFLUNENCE MATRIX FOR FRACTION *•*




FTS(J 4>=FT${J J>KB(J)* (RBXE-RFXE>+C< J)* (RB YE-RFYE))
& *(A(I)+B(I)*XBAR+C(I)* YBAR)/RN
FT$(J J)=FT$(J ,I)/(4 DEL)
FC$(JfI)=A(I)*A(J)+(A(I)*B(J>+B(I)* A(J))*XBAR+










C M * MERGE BOUNDARY CONDITION FOR THE TRANSIENT CONDITION * 
C
IF ((ICODE .NE. 1) .AND. (K UE. (2*NSEG-1))) THEN 
BL=U(NSEG*1.)
CONSTR=RKR • BL/RN 
FTS(l,l)=FTS(l,l>+CONSTR/3.





C *** INVERSE FC$ MATRIX AND FORM THE COMBINED FE MATRIX •**
C
CALL DGElCD(FCSt3,3,0,RCOND,DD,A,3)
DO 120 J=l,3 
DO 1301=1,3 
FE(JJ)=0.
DO 14011 = 1.3 











DO 150 JS=I.3 
J=N(JS)
DO 160 IS=13 
I=N(IS)






C*** NORMALIZE THE FMAT MATRIX 
C
DO 170 J=1 J4N 
DO 180 1=1 JW  




C •** MATRIX SETUP FOR GAUSS ELIMINATION TO GET STEADY STATE 
C DISTRIBUTION **•
C
IF (ICODE .EQ. 1) THEN 













C MATRIX SETUP FOR TRANSIENT STATE DISTRIBUTION **•
C
c
C *** CALL EISYS TO GET EIGEN FUNCTIONS 
C
CALL EISYS(NN, INDEX, EPS)
C
C *** THIS SECTION IS FOR PRINTING OUT EIGENVALUES 
C
DO 210 J= IN N  
RFX(J)=0.





C *•* SET TIME SCALE AND CALCULATE THE DISTRIBUTION *** 
C
T=0.
290 IF ( T .GT. TFNL) GO TO 250 
DO 230 J=1NN 
RFY(J)=0,
1=1
240 IF (I GT. NN) GOTO 260
IF (NC(I) .EQ. 0) THEN 
E=FMAT(I,I)*T 












A DCOS(BE*T>+(FMAT(NN+J,I)*RFX(I+1 )-FMAT(NN+J J+ l)
& *RFX(I))*DSIN<BE*T)
IF (AL*T i T .  -60) THEN 
RFY(J)=RFY(J)
ELSE
RFY (J)=RFY (J)+CPX • DEXP( AL*T)
ENDIF










DO 270 K=1,NE 
NI=NODE(K,l)
N2»NODE(K,2)
N 3-NO D E0U)
TOT AL=TOT AL+DEL/3.'*(RFY(N 1 >+RFY(N2)+RFY(N3))
270 CONTINUE
IF <T .EQ 0.) ATOTAL=TOTAL 
FRES=(1 .-TOTAL/ATOT AL)
C WRITE(6,*) ’PERCENT RELEASED=’, FRES
WRrTE(6,280) V.CSOIV6.023D23, RN.T/60., l.-FRES 




CALL CPUTIME(ACCUM BJRCODE B)
IF(IRCODE A NE. 8 .AND, IRCODE B .EQ. 0) THEN 
UT=(ACCUM B ACCUM A)/10**6/60.




@ PROCESS DC (TEMP)
C
C







COMMON/TEMP/A(3 • N2N N2N)NC(N2N)
C
C GAUSL SOLVES A*X -  B. WHERE A IS N*N. AND B IS N*NS, BY GAUSSIAN
C ELIMINATION WITH PARTIAL PIVOTING. THE MATRIX (OR VECTOR) B
C IS PLACED ADJACENT TO A IN COLUMNS N+1 TO N+NS.
C A IS DESTROYED AND THE RESULTING MATRIX X REPLACES B
C
N1 = N + 1 
NT = N + NS 




DO 101 = 2N 
I P - I - 1  
II = IP
X = DABS(A(I1 J l))
DO 11 J = IN
IF(DABS(A(JJ1))LT.X) GO TO 11 
X = DABS(A(J,I1))
IP = J 
11 CONTINUE 
IF(IP.EQ.11) GO TO 13
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C ROW INTERCHANGE 
C
DO 12 J -  II N T
X -A (I1 J )
A (I1 J)-A (IP J)
12 A(IPJ) * X
13 DO 10 J = IN
X -  A(J,I1)/A(11,1I)
DO 10 K = I N T  
10 A(J,K) -  A(J,K) - X*A(11JC)
C
C ELIMINATION FINISHED, NOW BACK SUBSTITUTION 
C
50 D O 20 IP = IN
I = Nl-IP
DO 20 K = N 1 N T 
A(IJC) = A(IJC)/A(U)
IF(Ii*Q,l) GO TO 20
II = 1-1
1X3 25 J -  1, II 







C • SUBROUTINE EISYS *




IMPLICIT DOUBLE PRECISION (A-H.O-Z)
PARAMETER (N2R-50N2N=(N2R+l)*(N2R+2)/2.+ l)
COMMON/TEMP/A(3*N2N N2N)NC(N2N)C 
C EISYS FINDS THE EIGENVALUES. EIGENVECTORS AND EIGENROWS 
C OF AN N*N MATRIX C WHICH IS IN A 
C
C ND IS THE ROW DIMENSION OF A. DECLARED IN THE MAIN PROGRAM 
C NCOL IS THE COLUMN DIMENSION OF A AND THE DIMENSION OF NC 
C
C N IS THE SIZE OF THE N*N MATRIX C.
C
C INDEX IS AN INDICATOR
C INDEX = -1 GIVES EIGENVALUES ONLY, AND THESE ARE STORED IN THE 
C FIRST COLUMN OF A, REAL AND IMAGINARY PARTS OF THE
C COMPLEX EIGENVALUES BEING IN ADJECENT POSITIONS
C INDEX = 0 GIVES EIGENVALUES AND EIGENVECTORS. THE EIGENVALUES ARE 
C ON THE MAIN DIAGONAL OF A, COMPLX PAIRS AS A 2*2 BLOCK
C WITH THE REAL PARTS (IDENTICAL) ON THE DIAGONAL, AND
C THE IMAGINARY PARTS ( IDENTICAL BUT OF OPPOSITE SIGN)
C AS ADJACENT OFF-DIAGONAL ELEMENTS.
C THE MATRIX OF EIGENVECTORS, Q, IS STORED IN ROWS N+l
C INDEX = 1 GIVES EIGENVALUES, EIGENVECTORS AND EIGENROWS, EIGENVA- 
C LUES AND EIGENVECTORS BEING STORED AS FOR INDEX = 0
C THE EIGENROWS, QINV, ARE STORED IN ROWS 2N+1 - 3N









C INDEX THEREFORE MUST BE A VARIABLE, NOT A CONSTANT 
C
C EPS IS THE TOLERANCE, AND A SUGGESTED VALUE IS 1 D-08 
C
C NC IS AN INDICATOR ARRAY FOR THE EIGENVALUESNC(I) = 0 INDICATES 
C THAT THE I'TH EIGENVALUE IS REAL, AND NC(I) = 1 (AND NC(I+1>=2 )
C INDICATES A COMPLEX PAIR OF EIGENVALUES (WITH REAL PART IN 
C A(IJ) AND COMPLEX PART IN A(1+1,I+1) )
C
C STORAGE REQUIREMENTS 
C THE MINIMUM VALUE OF ND IS 
C N FOR INDEX = -1 (EIGENVALUES ONLY)
C 2N FOR INDEX -  0 (EIGENVALUES AND -VECTORS)
C 3N FOR INDEX -  I (EIGENVALUES, -VECTORS AND -ROWS)
C
C THE DIAGONALIZED MATRIX D, THE MATRIX OF EIGENVECTORS Q. AND 
C THE MATRIX OF EIGENROWS QINV, SATISFY 
C C = Q*D*QINV
C
DIMENSION A(ND,NCOL)NC(NCOL)
NS = 2*N 
NT = NS 
IT = INDEX
IF(INDEX.LE.O) NS = N 
DO 101= IN  
IF(INDEX.LT.O) GO TO 10 
DO 11 J=  IN
11 A(J+NJ) = 0.
A(I+N,I)= 1.
10 NC(I) = 0 
CALL HOUS(ND,NCOL,N.A,INDEX)
CALL QR(NDNCOL N.EPS, AJNDE X)
IF(IT.LE.O) GOTO 12 
DO 13 1= IN  
DO 13 J = IN  







* SUBROUTINE E1VEC• *
SUBROUTINE EIVEC(NNVEC.NRO)
C
IMPLICIT DOUBLE PRECISION (A-H.O-Z) 




NE = N + NRO
10 IFaXl.E.O)GOTO 100 
C= A (IX JX)
D = 0.
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1 1 * 2
IF(NC(IX).LE.O) GO TO 3 
11 *  1
D * A(IX-14X)
3 J X - I X  + I1 -3 
60 IF (JX.LE.O) GO TO 50 
AC -  A(JX JX ) - C 
J1 -  2 
B =0.
IF(NC{JX)J-E.O) GO TO 6 
J1 = 1
B = A(JX-1 JX)
6 DO 8 J «= 1,2 
DO 8 1 = 1 2
8 X(IJ) = 0.
DO 91 = 112 
D 0 9 J  = J12
X(J,I) = A(JX+J-2JX+l-2)
9 A(JX+J-2JX+I-2) * 0.
U . ( X ( l , 1 )  + X<22))/2.
S -  X(l , l )  - U
V = (X (U )-X (2 ,l))/2 .
T = X(12) - V 
DB = D-B 
DB = B-D
DET = AC* AC + DB*DB 
R1 = fU*AC + V*DB)/DET 
RI1 = (V*AC - U*DB)/DET 
DB = D + B
DET = AC* AC + DB*DB 
R2 = (S*AC - T*DB)/DET 
RI2 = (T*AC + S*DB)/DET 
X(1,1) = R1 + R2 
X{22) * R1 - R2 
X(U)=R12-RI1 
X(2,l) = RI2 + RI1 
EX) 15 K = I ,NE
IF((K.LE.N) .AND. (K.GE. JX+J1-2)) GO TO 15
DO 201 = 112 
DO 20 J = J12
IF(KJ-E.2*N) A(KJX+I-2) = A(KJX+I-2)-X(I J)*A(K JX+J-2) 
IF(K.GT.2*N) A(JX+J+2*N-2,K-2*N) = A(JX+J+2*N-2,K-2*N) 
1 + X(I J)*A(IX+I+2*N-2,K-2*N)
20 CONTINUE 
15 CONTINUE 
JX = JX + J1 *3 
GO TO 60 






C   .
c  * •






IMPLICIT DOUBLE PRECISION (A-H.O-Z) 
PARAMETER (N2R=50.N2N=(N2R+1 )*(N2R+2)/2.+1) 
COMMONABMP/A(3*N2NN2N)fNC(N2N)
IF(NJJE.2) GO TO 100 
NL = N-2 
NT = N+N
IF(INDEX.LT.O) NT = N 
EX) 101= 1.NL 
IPP = 1+1 
IPA = 1 + 2 
S = 0.
DO 11 J = IPA.N 
11 S = S + A(J,I)**2 
IF(S£Q.O.) GO TO 10 
S = DSQRT(S+A(IPP,I)**2)
IF(A(IPPJ).LT.O.) S = -S 
A(IPP.I) = A(IPP,r) + S 
SK = S* A(IPP.I)
DO 15 J = IPP.N 
SX = 0.
EX) 16 K = IPP.N
16 SX = SX + A(KJ)*A(K,J)
IF(SX.EQ.0.) GO TO 15 
SX = SX/SK
DO 17 K = IPP.N
17 A(KJ) = A(K,J) - SX*A(KtI)
15 CONTINUE
DO 20 J = 1JMT 
SX =0.
DO 2 1 K = IPP.N
21 SX = SX + A(KJ)*A(J,K)
IF(SX.EQ.0.) GO TO 20 
SX = SX/SK
DO 23 K = IPP.N 
23 A(J,K) = A(J,K) - SX*A(K,0 
20 CONTINUE 
A(IPP.l) = S 
DO 22 J = IPAJM




@ PROCESS EXT (TEMP)
C
C *****.......... • * * * •* • •* » • • • • • • • •* • • •* * •• • • • • • • • • •* •
c  *
C * SUBROUTINE QR *
C • *




IMPLICIT DOUBLE PRECISION (A-H.O-Z) 
PARAMETER (N2R=50,N2N=(N2R+1 )*(N2R+2)/2.+1) 




IFOT.LT.O) MT * I 
IT* 0 
NT * 2*N 
SX *0.
SY = 0.
1 * N + 1 
101 = I - 1 
IF(Ii.E.2) GO TO 100 
20 M- 1
rr = it+ i 
1 1 * 1
DO 11 JA = 2JI 
J = I + 2 - JA 
K-J-  I




IF(MXE. 1-2) GO TO 12 
IF(M.EQ. 1-1) 1= 1-1 
GOTO 10
11 CONTINUE
12 IF(IT,EQ.l) GO TO 30 
SX = A(IJ) + A(I-U-l)
SY = A(IJ)*A<M.I-1) - A(I,I-1)*A0-I.I)
IF«SX.EQ.0.) .AND. (SY.EQ.0.))SX = AH J-l)
30 X = A(M,M)/A(M+1,M)*(A(M,M)-SX)+A(M,M+1>+SY/A(M+1>M)
Y = A(M,M) + A(M+1,M+1) - SX 
Z = A(M+2.M+1)
IL- = 1-1
NL1 = N+ MT*(1-N)
NL2 = 1 + (M-l )*MT 
NL3 = NT + (I- NT)*MT 
DO 15 J = M JL 
LOl = (J1T.IL)
S = DSQRT (X*X + Y*Y + Z*Z)
IF(XXT.0.) S*-S 
X = X + S
Y = Y/X
z = z/x 
X = x/s
DO 16 K = J JSIL1
SX = A(J,K) + Y*A(J+1,K)
IFfLOl) SX = SX + Z*A(J+2,K)
sx = sx*x
A(J,K) = A{J,K) - SX 
IFfLOl) A(J+2,K) = A(J+2,K) - Z*SX 
16 A(J+1,K) = A(J+1,K) - Y*SX 
DO 25 K = NL2.NL3 
IF(K.GT.N) GO TO 42 
IFffK.GE J+4) OR. (K.GT.I»GO TO 25 
42 SX = A(KJ) + Y*A(KJ+1)
IFfLOl) SX = SX + Z‘AfKJ+2)
SX * sx*x 
AfKJ) = A(KJ)-SX 
A(KJ+1) * A(KJ+I) - Y*SX 
IFfLOl) AfKJ+2) = A(KJ+2) - Z*SX 
25 CONTINUE 
IF (J.LE.M) GO TO 26
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AfJJ-l) = -S 
A(J+1,J-1) = 0.
DF(J.LT.I-1) A(J+2J-1) = 0.
26 X -  A(J+1,J)
Y = 0.
Z * 0.
IFfLOl) Y = A(J+2,J)
IF(J.LT.I-2) Z = A(J+3J)
15 CONTINUE 
IF(IT,LT.10*N) GO TO 20
100 RETURN 
END
@ PROCESS DC (TEMP)
CC  ........................ ............
c * *





IMPLICIT DOUBLE PRECISION (A-H.O-Z)
PARAMETER (N2R=50.N2N=tN2R+1 )*(N2R+2)/2.+l)
COMMON/TE MP/A(3* N2N .N2N).NC(N2N)
NS = 2*N 
NT * NS
IFflT.LE.O) NS = N 
1 * 0  
151 = 1+1 
IF(I-N) 16.17,200
16 X = DABS(A(I+1.D)/(DABS(A(I.I»+DABS(A(1+1,1+1)>+EPS)





111 Y = A(IJ) + A(I+1,1+1)
Z = A(IJ)*A(1+U+1) - A(U+1)*A(I+1,I)
X * Y*Y -4.-Z 
IF(X.LT.0.) GO TO 112 
R = (DABS(Y) + DSQRT(X))/2.
IFfY.LT.0,) R = -R 
IFfIT.GE.0) GO TO 120 
A(I,1) = R 
A(I+1,1) = Z/R 
GOTO 121 
120 Q = A(IJ) -R 
S * A0 J) - Z/R
IF(DABS(S).GT.DABS(Q)) Q = S
Q = A(I+1,1)/Q
C= 17DSQRT(Q*Q+1.)
S = Q*C 
GOTO 113
112 R = (A(I+1 J+1)-A(I.I))/(A(I+U)+A(U+1))







122 Q * 17DSQRT(1.+R*R)
C -  DSQRT((Q+l.)/2.)
S = R*Q/C/2.
113 DO 115 J = I ,NS 
K1 = 1 
K2 = J
tF(J.GTN)Kl = I + 2*N 
IF(J.GT.N) K2 = J - N 
Q * A(K 1,K2)
A(K1 Jt2) = Q*C + S*A(K1 + 1,K2)
115 A(K1 + 1,K2) = A(KI + 1.K2)*C - S*Q 
DO 116 J = 1JMT
IF((J.GE.l+2) .AND. (/.LE.N)) GO TO 116 
Q = A(J,I)
A(J,I) = A(J,I)*C + A(J,I+l)*S 
A(J,1+1) = C*A(JJ+1) - Q*S
116 CONTINUE
IF (X.GE.O.) GO TO 118 
NC(I) = 1 
NC(I+1) = 2
R = DSQRT(DABS(A(1+1,1)/A(I.I+1)))
DO 119 J = 1,NT 
A(J,I+1) = A(J,I+1)*R 
IF(J.GT.N) GO TO 82 
A(I+1J) = A(I+U)/R 
GOTO 119 
82 IF(J.GTJ9S) GO TO 119 
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